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The main focus of our research is to investigate continuous powder blending. The 

unit operation of powder blending is widely used to reduce the heterogeneity degree of 

product mixture in the manufacture of catalysts, cement, food, metal parts, and many other 

industrial products. Currently in pharmaceutical industry, continuous powder blending has 

received more attention as an efficient alternative to the traditional batch blending of 

powders due to its ability in handling high-flux continuous tablet manufacturing. 

Numerous previous approaches have been performed focusing on investigating the 

applicability of continuous manufacturing system. However, the development of reliable 

industrial system is limited by the inaccuracy of mixing index, the complicated effects of 

operating conditions and the black-box characterization method, all of which result from 

the lack of a theoretical model that can quantitatively characterize the whole continuous 

powder mixing process. Therefore, the overall research objective of this work is to develop 
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a general standard method for quantitative process design and control. In this context, three 

different specific aims are accomplished. We analyze and distinguish different 

heterogeneity sources in the continuous blending process and develop a general model of 

continuous blending. Fourier series is applied to characterize the axial blending component, 

and a periodic section model is developed to capture the cross-sectional blending 

component. Based on the modeling work, efficient design, control, and scale-up strategies 

applicable for practical blending of pharmaceutical powders are determined. The 

effectiveness of the methodology is demonstrated in particle blending simulations and 

experiments using industrial mixing apparatuses to check its applicability and robustness 

in pharmaceutical industrial use. 
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Chapter 1  

Introduction 

1.1 Batch and continuous powder blending 

Powder mixing is widely used in pharmaceutical, cement, food, and other industries in 

which product mixtures need to satisfy typical performance criteria. In the pharmaceutical 

processing, a homogenized powder mixture is required to produce tablets with minimum 

variability, which is critical to meet strict regulatory constraints. This goal is usually 

realized using batch mixing, which is an easily implemented process in which two or more 

initially segregated materials are mixed, typically in a tumbling blender. Besides 

traditional batch methods, continuous mixing has been studied in recent years as an 

efficient alternative in high flux manufacturing (Marikh et al., 2006).  

The role of continuous mixing is to reduce segregation of fluxes that are fed continuously 

into the system. This process includes two parts (Pernenkil and Cooney, 2006): firstly, two 

or more initially segregated components mix locally in the radial directions, which is 

similar to batch mixing. Secondly, axial mixing smoothes out feed rate fluctuations so that 

the requirement of uniform flowing streams can be met (Williams, 1976). Focusing on the 

second part, earlier studies of continuous mixers involved the definition of variance 

reduction ratio (VRR), which was first introduced (Beaudry, 1948; Danckwerts, 1953) as 

the ratio of variances for the input and output material flow rates in fluid continuous mixing 

systems. The case of perfect gas mixing was analyzed in a model of a single continuous 

stirred tank (Danckwerts and Sellers, 1951), where feed rates with regular periodic 

fluctuations and completely random fluctuations were investigated. In solid mixing, batch 
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to batch variability reduction was researched on semi-continuous blenders (Goldsmith, 

1966). A predictive formula for variability of the output flow was then tested on free 

flowing non-segregating powders (Williams and Rahman, 1972a, b) where the sampling 

size was large enough to shield the contribution of local segregation to the experimental 

output variance. Extension of this formula was also investigated in continuous mixing of 

segregating powders (Williams and Richardson, 1982) in a fluidized bed, where the 

variance component of powder segregation was first considered in the prediction of 

experimental output variance. 

Many different types of equipment are available to perform continuous mixing. In 

fluidized bed mixers, mixing is achieved by the random movement of particles in “gravity 

free” conditions caused by the pressurized fluid moving upward through the particle 

medium. Although this process unit is typically used in batch mode, it has been applied in 

continuous mixing where continuous feeding and removing of powders are desired 

(Williams and Richardson, 1982). In rotary cylinder mixers(Abouzeid et al., 1980; Sudah 

et al., 2002a), particles move forward due to the fill level gradient through the cylinder. 

Mixing takes place around the cylinder surface due to the frictional stress between the 

surface and the particles (Sherritt et al., 2003), which can be improved when lifters are 

involved in the process (Geng et al., 2009). Convective continuous mixers are closer in 

design to rotary cylinders with lifters (Portillo et al., 2008b). They consist of impellers 

rotating around a shaft, which cause particle displacement to the regions they cannot reach 

through free flowing movement. While convective mixers can be operated in either batch 

or continuous mode, different blade configurations and rotary speeds can cause dense or 
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fluidized particle movement, which makes this kind of mixer suitable in processing both 

free-flowing and cohesive particles. 

1.2 Residence time distribution (RTD) 

In chemical engineering and related fields, the Residence Time Distribution (RTD) is 

defined as the probability distribution of time that solid or fluid materials stay inside one or 

more unit operations in a continuous flow system. It is a crucial index in understanding the 

material flow profile, and is widely used in many industrial processes, such as the 

continuous manufacturing of chemicals, plastics, polymers, food, catalysts, and 

pharmaceutical products. In order to achieve satisfactory output from a specific unit 

operation, raw materials are designed to stay inside the unit under specific operating 

conditions for a specified period of time. This residence time information is usually 

compared with the time necessary to complete the reaction or process within the same unit 

operation. For example, in continuous powder mixing processes, powder is mixed in a 

continuous mixer. The local mixing rate coupled with the time the powder stays inside the 

mixer determines the unit performance. If the time required for local mixing is longer than 

the actual residence time powder stays in the system, the process cannot provide a 

complete mixture, and it fails its designed purpose (Gao et al., 2012). In other words, the 

performance of any continuous unit operation is determined by the competition of the two 

sub-processes: a batch process or reaction superimposed by an axial flow. Therefore, the 

characterization of the RTD in different continuous unit operations is the first step in the 

design, improvement, and scale-up of many manufacturing processes in the chemical 

engineering industry. 
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The research on the RTD in chemical engineering fields has focused on the influence of 

operation conditions, materials, and the unit geometry on the RTD profile, the 

improvement of measurement methods, and the improvement of predictive modeling on 

different processes and units. Most studies investigated continuous unit operations by 

using the RTD; few extended to the correlation between the RTD and the reaction or 

process performance, which is usually case-sensitive. For example, a continuous polymer 

foaming process was studied in an extruder (Larochette et al., 2009), where the thermal 

decomposition rate of chemical blowing agent was compared with the RTD to investigate 

the optimization of the foam density; a chemical-looping combustor was investigated in 

both continuous and batch mode, in which the RTD was used to develop a model for 

predicting the mass-based reaction rate constant for char conversion (Markström et al., 

2010); the production of polypropylene was characterized in a horizontal stirred bed 

reaction by considering the RTDs of catalyst and polymer separately, which strongly 

depend on the temporal catalyst activity (Dittrich and Mutsers, 2007); the emulsification 

process in polymer mixing was studied in a twin-screw continuous extruder, where the 

RTD and the morphology profile of the mixture was examined simultaneously in one pulse 

test (Zhang et al., 2009); the Cr(VI) reduction in wastewater treatment was investigated in 

an electrochemical tubular reactor by applying CFD and velocity profile, where the 

performance was coupled with the axial flow rate (2010). 

Modeling of continuous blending process has received significant attention in the literature 

mainly through applications of residence time distribution (RTD) theory. These studies 

were able to model the dispersion of particles along the direction of powder delivery 

(Danckwerts, 1953). Efforts have been made using RTD as a measure for optimizing 
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operating conditions in solid mixing in a rotary drum (Abouzeid et al., 1980; Abouzeid et 

al., 1974) and in a convective continuous mixer (Marikh et al., 2008; Marikh et al., 2005). 

Several RTD models were introduced characterizing the experimental RTD curves 

(Nauman, 2008). Delay and dead volume models that linked PFR and CSTR units was 

used for rotating kilns (McTait et al., 1998), single screw extruders (Yeh and Jaw, 1998) 

and twin-screw continuous mixers (Ziegler and Aguilar, 2003); the dispersion model based 

on Fokker-Planck equations with specified boundary conditions were used in rotary 

calciners (Sudah et al., 2002a), fluidized beds (Harris et al., 2003a, b) and rotating kilns 

(Sherritt et al., 2003); Markov chains (Harris et al., 2002b; Marikh et al., 2006); and a 

compartment model (Portillo et al., 2008a) were developed which described granular 

mixing using a network of interconnected cells based on possible flow patterns inside 

different mixers. 

Due to the wide scope of the RTD issue, every year a large number of papers have been 

published using this conception in a host of disciplines. A previous review by Nauman 

(2008) summarized the theoretical development history of the RTD since the beginning of 

the last century, especially for continuous fluid systems. Some developments have 

occurred since the previous review.  

1.3 Challenges and outline of the dissertation 

1.3.1 Lack of predictive model 

Studies on continuous powder blending have been mainly focused on the influence of 

operating conditions (feed rate, impeller speed etc.) and geometric designs (mixer size, 

impeller types etc.) on the efficiency and throughput of mixers (Pernenkil and Cooney, 

2006). One of the earliest studies on continuous mixing addressed the influence of different 
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types of mixtures on process performance (Harwood et al., 1975). This study investigated 

the continuous mixing of cohesive and free-flowing particles, which shows that the 

performance of continuous mixer is determined at least in part by the flow properties of 

materials. The influence of the agitator design on powder flow has been also studied 

(Laurent and Bridgwater, 2002), where the velocity profiles of the particle flow were 

characterized using positron emission particle tracking (PEPT). The influence of stirrer 

types on mixing heterogeneity was studied for different feed rates and blade speeds 

(Marikh et al., 2008). Investigation of the effect of different operating conditions on the 

resulting mixture quality was performed in previous studies (Portillo et al., 2008b), 

indicating that the cohesive properties of material did not significantly affect the 

convective mixing performance. Although it is clear that the role of continuous powder 

mixer is to mix initially segregated fluxes as well as to attenuate feeding fluctuations 

(Pernenkil and Cooney, 2006), the theoretical basis for design and optimization of 

continuous mixers, and especially the cross-sectional mixing component, requires 

additional work. There is still a lack of predictive models of continuous mixing processes 

that can be used effectively for design and optimization purposes. 

As stated above, the effects of the operating factors are complicated and thus difficult to be 

characterized or predicted. In many of the previous studies, the continuous mixers were 

considered as black boxes i.e. variables were changed and responses at the outlet were 

observed. Since this investigating method cannot provide information about the 

transitional behavior in the process of mixing, questions such as whether radial mixing is 

complete at the outlet or whether the mixing efficiency is optimized still cannot be 

answered, which hinders the optimization and control of this process. Due to the black-box 
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studies, operations empirically optimized in one mixer may not be directly utilized in other 

mixing cases. This lack of generality has limited the development of systematic design 

methodologies and control strategies for continuous mixers. For instance, previous studies 

suggest that better mixing occurs when RTD is broader (Harris et al., 2003a; Marikh et al., 

2006; Weineköter and Reh, 1995; Williams and Rahman, 1972a), while an inverse finding 

is reported based on our prior work (Portillo et al., 2008b) in which we found that the most 

dispersed RTD corresponds to the worst mixing in a convective continuous mixer, 

probably due to the low number of blade passes experienced by some of the powder as it 

travels along the mixer axis. In fact, the main difficulty using RTD as a measure of mixing 

performance is that it does not consider micromixing of the initially segregated 

components.  

1.3.2 Integration with other unit operations 

Based on the RTD theory and the previous studies of variance reduction ratio (VRR), a 

comprehensive formula of VRR was proposed to summarize the two parts of the 

continuous mixing process (Ralf Weineköter, 1995). In this formula, the variance of the 

output mixture consists of the remaining variability that the mixer fails to eliminate in both 

the axial and radial directions.  

Although the VRR is widely used, several previous studies indicate its inaccuracy. 

Periodic feed fluctuations at different frequency lead to different VRR in the same mixer, 

indicating that VRR value at a single frequency of fluctuation is not sufficient to 

thoroughly capture the efficiency of the continuous mixer on smoothing input fluctuations. 

Furthermore, it is difficult to understand the contributions from either RTD or feed rate 

fluctuations on the value of the VRR. Little work has been done on quantifying the ability 
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of the system to filter feed rate fluctuations (Pernenkil and Cooney, 2006), and the 

relationship between the RTD profile and the filtering ability of the mixer is not clarified.  

It has been reported that the VRR is dramatically amplified when the input fluctuation is at 

a higher frequency (Ralf Weineköter, 1995). Moreover, a broader RTD curve results from 

larger axial dispersion, indicating better mixing performance, which is equivalent to a 

narrower low-pass filter (Pernenkil and Cooney, 2006). In order to define this filtering 

ability of the mixer to mitigate input noise as a function of frequency, Fourier series 

analysis is introduced into this work.  

1.3.3 Thesis Objectives 

As mentioned above, current limitations and challenges on this issue are inaccurate index, 

complicated operation and geometry effect, and black-box characterization method, all of 

which result from the lack of a general-purpose model that can quantitatively characterize 

the whole continuous powder mixing process. In this thesis, the overall research objective 

is to develop a general standard method in design and control of the continuous blending 

process. First, different heterogeneity sources in this process will be distinguished and 

analyzed separately; based on the analysis, a general model including the processing of 

different sources will be developed and validated in practical continuous mixing systems. 

Specifically, the research objectives are as following. 

Specific Aim 1: Analysis of different heterogeneity sources in continuous powder 

mixing process. This aim analyzes and characterizes different variance sources of output 

mixture in continuous powder mixing process. Models governing both axial mixing and 

cross-sectional mixing are developed to understand the key factors dominantly affecting 

each mixing processes. DEM simulations and convective continuous mixing experiments 
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are performed to determine the influence of the residence time distribution, cross-sectional 

mixing performance, feeding characterization, operation and geometry, powder properties, 

and the overall continuous mixing performance. This aim is discussed in Chapter 2 

Specific Aim 2: Development of toolbox for continuous powder mixing process. 

Based on the separated analysis of different variance sources, this research aims to develop 

a general toolbox characterizing continuous powder mixing process. Decay models of 

variance components through both axial and cross-sectional mixing are integrated. 

Strategies regarding optimization of operations and geometry and scaling-up are 

investigated by estimating the pros and cons of different factor on the two mixing 

components. This aim is discussed in Chapters 3, 4. 

Specific Aim 3: Practical application of the toolbox. This aim tests the developed 

toolbox into practical continuous mixing processes such as in convective mixers and rotary 

calciners for industrial purposes. Influence of operations, geometry and powder properties 

on axial and cross-sectional mixing are separately considered and the overall mixing 

performance is then estimated by the integration of the separately analyzed processes. In 

addition, strategies developed in Specific Aim 2 will also be applied to improve the mixing 

performance, and scale-up the studied apparatuses. This aim is discussed in Chapters 5 -7. 
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Chapter 2  

Characterizing continuous blending performance 
based on RTD modeling 

In this chapter, we developed a general method using the experimentally measured RTD to 

quantitatively predict the performance of continuous mixing. To distinguish between the 

variability caused by feeder fluctuations and by the mixer itself, the contributions to the 

output variance from different sources were separately considered. The rest of the chapter 

is organized as follows. The experimental conditions and methods are presented in Section 

2.1. In Section 2.2, the methods of for fitting RTD parameters, the empirical correlation 

between RTD and RSD and the variance analysis are presented. Based on the method 

developed, RTD profiles and mixing performances of several operating conditions are 

studied in Section 2.3 to test the feasibility of the developed method. Feed rate, blade 

configuration and rotary speed are studied to quantify their effects on the optimal RTD 

fitting parameters and the mixer performance. Section 2.4 presents conclusions and 

discusses the applicability of the proposed method to other configurations. 

2.1 Experimental setting 

2.1.1 Mixing equipment and materials 

RTD measurements were carried out in a GCM 250® convective continuous mixer, 

provided by Gericke, shown in Figure 2.1. The impeller consists of a cylinder shaft with 

several blades on each side. The angle of the blades can be adjusted to 20° forward or 20° 

backward inclination, determining the blade pattern to be investigated. In order to hold the 

fill level at the desired value, a weir is used to block the lower half of the outlet section. The 
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rotation speed of the impeller varies between 40 RPM and 250 RPM. Since the critical 

speed of fluidization is around 180 RPM for this mixer, both a dense-flow regime and a 

fluidized regime are observed in our studies.  

 

Figure 2.1 Side view of the studied continuous mixing system. 

 

Two loss-in-weight (LIW) feeders provided by Schenck-Accurate are used to feed the 

mixer. Enough materials were pre-loaded in the feeders so that the experiments were not 

interrupted or disturbed by re-filling the feeder. The overall feed rates examined include 30 

kg/h and 45 kg/h. Acetaminophen (with average particle size of 45μm), pre-blended with 

0.25% SiO2, is used as a representative active pharmaceutical engredient (API) and 

micro-crystalline cellulose (Avicel PH200, 240μm) is used as the main excipient. The mass 

fraction of API in this case study is set as 3% for all the operating conditions, which are 

summarized in Table 2.1.  



 

  

12

Table 2.1 Operating conditions. 

Operating parameters 
Feed rate 30, 45 kg/hr 
Impeller rotation rate 40 RPM, 100 RPM, 160 RPM, 250 RPM 
Design parameters 

1. All forward – All blades directing forward, 
blade angle – 20°  

Blade configuration  
(Blade angle with the shaft and blade 
direction) 2. Alternate – Alternate blades in forward and 

backward directions – 20° 

 

2.1.2 Data collection and analysis of feeder fluctuations 

In order to investigate the influence of feed rate variability to the output variance, the feed 

rate is measured using a catch-scale that records the weight of powder discharged by the 

feeder as a function of time. More specifically, a container is placed on the catch scale and 

powder is fed for about 30 minutes. The temporal feed rate of the feeder is then calculated 

based on the weight increase in the container. The power spectrum for each of the data sets 

was computed and compared using a MATLAB program, where the variance distribution 

functions ( )s f  of the feed rates are calculated at different frequencies. The relationship 

between ( )s f  and the overall variance of the feed rate fluctuations 2
inσ is determined by: 

/ 22 2

0

1 ( )
2

sf

in s f dfσ = ∫          2-1 

where sf is the frequency of feed rate measurements. Since the sampling interval is 0.1s for 

all the feeders, 10sf Hz= . ( )s f is integrated between 0 and / 2sf  to avoid aliasing, which 

may introduce error in variance calculation. Note that ( )s f  represents the contribution 

from different frequencies to the feed rate variance. Details of this issue can be found in 

Chapter 3. Figure 2.2 shows the variance distributions of API and excipient feed rates at 
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different frequencies for the two feed rates studied. The peak of feed rate fluctuations of 

API shifts from 0.16Hz to 0.24Hz when feed rate is increased. This indicates better feeding 

conditions, since fluctuations at higher frequency are more easily filtered out by the mixer 

(Weineköter and Reh, 1995). For the excipient, a sharp peak appears at 1.4 Hz at the lower 

feed rate, whereas smaller peaks at higher frequencies (starts from 2.1 Hz) characterize the 

higher feed rate. Notice that the lowest peak of feed rate fluctuations (peak at the lowest 

frequency) always corresponds to rotating frequency of the feeding screw. The results in 

Table 2.2 show that the feed rate of 45 kg/hr leads to smaller RSD of API concentration and 

variance components at higher frequency domains. Since continuous mixer always 

performs like a low-pass filter through which feeding fluctuations at higher frequencies are 

easier to be attenuated (Gao et al., 2011b; Pernenkil and Cooney, 2006), these results 

indicate better feeding performance at feed rate of 45 kg/hr.  

 

Figure 2.2 Feed rate analysis of (a) API and (b) excipient. 
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Table 2.2 Statistics of feed rate fluctuations of API at the investigated feed rates. 

API% Feed rate (kg/hr) 
Average value Standard Deviation RSD 

30 3.00 1.09 36% 
45 3.02 0.64 21% 
 

2.3 RTD and output variance measurement 

RTD is measured using the method originally proposed by Dankwerts (1953). Bulk 

material is fed into the mixer until steady state is reached, and tracer (10 gram of APAP) is 

injected instantaneously into the inflow stream. Samples are collected at the outlet of the 

mixer at different time points. The disturbance to the bulk flow caused by the injection of 

the tracer is assumed to be negligible. Pulse tests are repeated twice at each condition of 

interest to examine the reproducibility of the RTD. The samples collected are analyzed by 

NIR spectroscopy to determine the concentration of acetaminophen C(t). The residence 

time distribution E(t) is calculated based on the collected data of C(t) using the following 

equation: 

0

( )( )
( )

C tE t
C t dt

∞=
∫

         2-2 

To determine the homogeneity of the product mixture, 20 samples are retrieved from the 

output stream of the continuous mixing process for each operating condition. The 

concentration of acetaminophen in each sample is measured using NIR spectroscopy, 

which is used to calculate to the corresponding standard deviation and the relative standard 

deviation (RSD) as a measure of mixing performance: 
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2
1

( )Standard deviation    
Average concentration 1

N
iC C

RSD
C N
σ σ

−
= = =

−
∑     2-3 

where C  is the average concentration of N  samples and Ci is the concentration of each 

sample.  

 

Figure 2.3 Calibration test on NIR method.  

(a) Standard deviation (STDEV) (b) relative standard deviation (RSD) was measured at 

API% of 2%~10% and 95% confidence intervals were estimated. 

 

2.1.4 Analysis of NIR Method Error 

In order to investigate the contribution of error in the NIR method to the output variance, 

the following analysis is performed. Samples of 2%, 3%, 5% and 10% mass fraction of API 

are prepared to study the measurement variability under the 3% API mass fraction 

condition. Each sample is well mixed and measured ten times. The same sample is 

re-agitated before the next measurement so that the scanned surface of the sample is 

renewed. Standard deviation, RSD and 95% confidence interval are calculated. The results 

are plotted in Figure 2.3, where the RSD from measurements is found to be around 1% in 

the studied range of API%, which is insignificant compared to the output RSD 
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measurement (10%~20%, described in results) obtained in the continuous mixing 

experiments. As a result, the influence of NIR measurement error can be neglected in the 

analysis of output variance sources in this study. 

2.2 Methodology 

2.2.1 General concepts and tools 

As indicated in Section 2.1, the variance of the acetaminophen concentrations measured at 

the mixer output is used as a measure for mixing performance. This measure typically 

represents two sources of variability: the variability due to fluctuations in powder feeding 

rate, and the variability of composition due to the non-ideality of the powder mixing 

process, which is dominant when ideal feeding condition is satisfied. The output variance 

can thus be expressed as 

2 2 2
, ,output solid output fluid idealfeedσ σ σ= +        2-4 

where 2
,output fluidσ  indicates the variance contribution of unfiltered feeding fluctuations, and 

2
idealfeedσ  the contribution due to granular nature of the material (i.e., incomplete transverse 

mixing, finite number of particles in the sample, agglomeration, segregation, etc) 

(Weineköter and Reh, 1995). Early studies (Beaudry, 1948; Danckwerts, 1953) describing 

the variance component due to feeding directly derives variance reduction ratio (VRR) 

from the convolution of RTD and feeding fluctuations. Although the component of ideal 

feed was always ignored in these studies due to a cross-sectional sampling size (Goldsmith, 

1966; Williams and Rahman, 1972a), it was investigated in a fluidized bed by Williams 

and Richardson (1982), where mixing of segregating particles was studied and compared 
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with known or without feeding fluctuations. In our present work, this variance component 

of ideal-feed is further decomposed as follows: 

2 2 2
idealfeed ITM RTDVσ σ σ= +         2-5 

where the term 2σ ITM represents the variance component due to incomplete transverse 

mixing (ITM), and the term 2σ RTDV  represents the component due to RTD variability 

(RTDV). Note that the sample size is supposed to be much smaller than the scale of 

cross-sectional mixing to ensure that the term 2σ ITM  can be detected.  

While traditional variance measurements can hardly provide information about the 

different components of output variance, the characteristics of the RTD can reveal it. In 

particular, the difference between experimental and model-predicted data, or the data 

variability in a single RTD measurement is caused by incomplete transverse mixing, which 

can be used as an indicator of transverse mixing (Figure 2.4a). Low data variability 

indicates good transverse mixing and homogeneous API concentration in the cross-section 

of outlet stream. Similarly, the difference between single and multiple model-fitted RTD 

curves, or model variability in repeated RTD experiments indicates variance due to RTD 

variability (Figure 2.4b). Small difference indicates good RTD reproducibility, which 

leads to an insignificant output variance component 2σ RTDV , since little new axial 

compositional heterogeneity generated in the system through superposition of  RTD curves 

with low variability. This issue was studied in Harris et al. (2002a) to validate a proposed 

method of RTD measurement, where the first three moments of RTD were used in 

comparison of repeated RTD measurements. It was also investigated in an earlier work 

(Williams and Rahman, 1972a) in validating the ideal feed condition in a drum mixer. 

Since quantification of both components correlates to the model fitting process of RTD, a 
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RTD model that well represents the experimental data is needed to determine these 

components. In this study, the Taylor dispersion model is selected and described in the 

following sections.  

 

Figure 2.4 (a) Data variability and (b) Model variability of RTD measurements. 

 

2.2.2 Model development 

In the original convolution formula of continuous mixing (Danckwerts, 1953) 

, 0
( ) ( ) ( )out fluid inC t C t E dθ θ θ

∞
= −∫        2-6

 

and , ( )out fluidC t  are the input and output concentrations. Due to the variance components 

described in the previous section, a time-variant fluctuation component associated to 

( )E θ in equation (2-6) gives the following change: 

, 0
( ) ( )( ( ) ( , ))out solid in EC t C t E t dθ θ ε θ θ θ

∞
= − + −∫      2-7

 

where ( , )E tε θ θ−  represents the fluctuation of measured RTD described in Figure 2.4. 

Note that this new term sums the effects of data variability and model variability. 
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Similarly, substituting ( )inC t θ−  by the sum of mean and time-dependent fluctuation 

( )in inC tε θ+ − , results in the following form: 

, , 0
( ) ( ) ( ( )) ( , )out solid out fluid in in EC t C t C t t dε θ ε θ θ θ

∞
= + + − −∫     2-8 

where , 0
( ) ( ) ( )θ θ θ

∞
= −∫out fluid inC t C t E d . Assuming that ( )in tε  is much smaller than inC : 

, , 0
( ) ( ) ( , )out solid out fluid in EC t C t C t dε θ θ θ

∞
≈ + −∫       2-9 

Since the variance componnets in the two components of equation (2-9) are independent, 

the output variance of the concentration equals the sum of the variance components 

contributed from each of them. Comparing equation (2-4) and (2-9), it is not difficult to 

conclude that the ideal-feed variance component 2
idealfeedσ  comes from the integration of 

RTD variability in EC ε . 

2.2.3 Solution approach 

In order to estimate the time-invariant RTD component E(θ) discussed in the previous 

section, as well as to understand the influence of operations on axial velocity and 

dispersion, the Taylor dispersion model is considered as follows:  

2

2

1C C C
Peθ ξ ξ

∂ ∂ ∂
+ =

∂ ∂ ∂
         2-10 

Equation (2-10) is the well-known one-dimensional Fokker-Planck equation that describes 

time evolution of particle distribution in a continuous system (Risken, 1996). Detail of its 

solution in different initial and boundary conditions can be found in (Levenspiel and Smith, 

1957; Sherritt et al., 2003). One commonly used solution of equation (10), known as the 

Taylor dispersion model, is obtained with open boundary conditions, which was described 
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in Harris et al. (2003a, b) in characterizing the influence of axial gas and solid flux on axial 

solid Peclet number in fluidized bed:  

2( )1/ 2
0 4

1/ 2( , )
(4 )

PeC PeC e
ξ θ
θξ θ

πθ

− −

=         2-11 

In equation (2-11) 0( )θ τ= −t t and z lξ = are the dimensionless time and location in 

continuous mixing process, where 0t represents the effect of time delay in RTD 

measurement, τ is the mean residence time and l  is the overall length of the mixer. 0C  

denotes the amount of material injected in the pulse test. /Pe vl E=  is the Peclet number, 

where v and E  represent the cross-section averaged axial velocity and the axial dispersion 

coefficient of the system. When 1ξ = , equation (2-11) corresponds to the RTD of the 

mixer.  

The parameters Pe , 0C , τ  and 0t  in equation (2-11) are determined to minimize the 

mean sum of square (MSS) error between predicted and experimentally determined values 

of pulse test.  This parameter set is defined as follows: 

0 0[ , , , ]P Pe C tτ=          2-12 

Fitted pulse test data can then be expressed as ( , )C t P . In particular, to evaluate the best 

fitted curve for a single pulse test the follow error is minimized: 

2 2
12

,
1 1

[ ( , )] [ ( , )]
min

n n
ij ij j ij ij

j ITM
i i

C C t P C C t P
MSS

n n= =

− −
= =∑ ∑      2-13 

which represents the MSS error of data variability of RTD due to incomplete transverse 

mixing. The overall MSS error of repeated RTD experiments is minimized when model 

fitting of multiple pulse tests are performed: 
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2 2
12

1 1 1 1

[ ( , )] [ ( , )]
min

m n m n
ij ij ij ij

j i j i

C C t P C C t P
MSS

mn mn= = = =

− −
= =∑∑ ∑∑     2-14 

In this case the overall MSS represents the error of both data and model variability. In 

equations (2-13) - (2-14), ijt  and ijC  represents the pair of time and concentration of the thi  

point in the thj  repeat of RTD pulse tests ( 1, 2...i n=  and 1, 2...j m= ). 1 jP  is the optimal 

parameter set for the thj  RTD test leading to the minimized mean sum of square 2
,j ITMMSS , 

while 1P  leads to the minimized 2MSS in the multiple RTD fitting process. The relationship 

between MSS of single and multiple pulse tests is as follows: 

2 2 2
ITM RTDVMSS MSS MSS= +         2-15 

The MSS error evaluated in equations (2-13), (2-14) is then used to determine the 

expectation of RTD fluctuation Eε  described in Section 3.2. In particular 

10
( , )

σ ∞= =
∫

E
MSS MSS

MC t P dt
        2-16 

where 1( , )C t P is the fitted curve of pulse test derived from multiple RTD fitting process, 

and M represents the total material injected into the system. Based on equation (2-15) 

2 2 2
, ,σ σ σ= +E E ITM E RTDV          2-17 

where ,σE ITM  and ,σ E RTDV represent the data variability and model variability of RTD 

shown in Figure 2.4, respectively.  

Based on equation (2-9), the variance of ideal feed is more significant when the expectation 

of RTD fluctuation (σE ) is larger, and when this fluctuation lasts longer. Based on this 

observation, we assume that the RSD, which is the standard deviation divided by the mean 

concentration, can be expressed as follows: 
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σ= Δidealfeed ERSD k T          2-18 

where k is a dimensionless coefficient describing the ratio between sum of RTD 

fluctuations and the corresponding RSD. TΔ represents the time interval when the RTD 

data were collected. In order to obtain reasonable TΔ , prolonged RTD measurements were 

obtained for each operating condition so that all non-zero points can be recorded. Notice 

that to guarantee this assumed relationship in equation (2-18), both RSD and Eσ  should be 

determined by the sampling size. Using the experimental RTD and RSD obtained under 

different operating conditions, k  can be empirically estimated by applying linear 

regression of the pairs idealfeedRSD  and σ ΔE T . Then the variance components due to 

incomplete transverse mixing and RTD variability can be derived based on the estimation 

of k  as follows: 

,σ= ΔITM E ITMRSD k T          2-19 

,σ= ΔRTDV E RTDVRSD k T         2-20 

Based on the estimation of the RSD components, the corresponding variance components 

can then be conveniently derived using equation (2-3).  

2.2.4 Methodology 

Based on the theoretical work developed in the previous section, the following procedure 

of the RTD modeling method can be established. 

Step 1: Determine RTD from pulse tests, RSD at the outlet of continuous mixing process 

( ,out solidRSD ) and feeding samples;  

Step 2: Fit RTD using the Taylor dispersion model;  
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Step 3: Apply the fitted RTD curve as well as the feeding samples to calculate the RSD 

component of unfiltered feeding fluctuations ,out fluidRSD ; 

Step 4: Determine idealfeedRSD  based on ,out fluidRSD and ,out solidRSD ;  

Step 5: Establish the correlation between idealfeedRSD  and the form σ ΔE T which is obtained 

in the RTD fitting process; 

Step 6: Calculate ITMRSD  and RTDVRSD  and the corresponding variance components, then 

analyze the effects of operations (feed rate, rotary speed, blade angle etc.) on each of them. 

 

The analysis of step 6 can provide guidelines in order to improve the design and 

performance of continuous mixing systems.  In the next section the proposed procedure 

was applied in a case study of continuous mixing in order to investigate the influence of 

different operations to the mixing performance.  

2.3 Experimental results and modeling 

2.3.1 RTD fitting results 

Figure 2.5 illustrates the influence of operating conditions and blade design on RTD 

characteristics, as obtained experimentally for the materials considered. For each operating 

condition, pulse tests were repeated twice so that the influence of RTD variability could be 

included in the performance prediction. The Taylor Dispersion model and the non-linear 

regression procedure described in Section 2.2 were applied in the RTD fitting process. The 

curve in each plot corresponds to the best model fit using equation (2-14). It was observed 

that RTD is more sensitive to blade speed than to feed rate and blade configuration. Lower 

blade speeds and lower flow rate lead to larger mean residence time and wider RTD. When 
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feed rate increases from 30 kg/hr to 45 kg/hr, RTD profiles are narrower. This effect is less 

significant for high speed cases in which the RTD curves are hardly affected by altering 

feed rate. On the other hand, boarder RTD profiles are observed for the alternating blade 

configuration other than for the forward blade configuration, the effect of which is more 

significant at higher blade speeds. 

 

Figure 2.5 Experimental and fitted RTD curve in different operating conditions. 

 

In order to analyze these effects in detail, the optimal axial dispersion coefficient E  and 

axial velocity v  derived from 1P  were investigated. As has been examined in several 

previous studies (Harris et al., 2003b; Sarkar and Wassgren, 2009), particle dispersion 

coefficient is closely related to fill level and blade rotating speed. Generally, moderate fill 

level and high blade speed improve axial dispersion (Ingram et al., 2005; Laurent and 

Bridgwater, 2002; Portillo et al., 2010), while an increase of feed rate or a decrease of blade 

speed leads to higher fill level (Marikh et al., 2005). The optimal axial dispersion 
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coefficients at different operating conditions are shown in Figure 2.6a, which indicates that 

increase of feed rate leads to larger dispersion coefficient at intermediate speed (100RPM), 

but makes almost no difference when the speed is larger or smaller. At moderate blade 

speed, the fill level increases significantly at larger feed rate. This behavior is not observed 

in high rotation speed (250RPM), at which fluidized particles disperse freely for both feed 

rates and the effect of feed rate on fill level is not significant. Similar observation occurs at 

low blade speed (40RPM), which is not surprising because limited particle movement 

severely hinders dispersion; under such conditions the influence of fill level is not 

significant. Larger dispersion coefficient is also found when the alternate blade pattern is 

used, which disperses particles better than the forward blade pattern at higher speeds due to 

the significant increase of backward flux in that blade configuration. 

The effects of operating conditions on axial velocity are shown in Figure 2.6b. Axial 

velocity was found higher at the 45 kg/hr feed rate, and thus led to shorter mean residence 

time. This is due to the fact that the increase of fill level is slower than the increase of feed 

rate. This effect is offset at high speed (250RPM) due to the much faster fluidized 

dispersion. For the same reason as for the dispersion coefficient, limited particle movement 

at low blade speed hinders the change of axial velocity in different blade pattern 

configurations. Furthermore, increased backward flux increases the fill level in the 

alternate blade pattern and further increases mean residence time. Similar effect has been 

reported in Harris et al. (2003a) on the axial mixing study of fluidized beds, in which the 

effect of reflux due to the existence of riser at the exit, leads to increased  mean residence 

time and wider RTD curves. 
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Figure 2.6 Effects of operating conditions on (a) dispersion coefficient E and (b) axial 

velocity v. 

 

2.3.2 Results and Discussion 

2.3.2.1 Output variance prediction 

Based on equation (2-18), k was estimated to be 0.424 using 11 pairs of mixing 

performance and RTD data corresponding to different operating conditions. The results are 

plotted in Figure 2.7, in which most predicted values of RSD are located within the 95% 

confidence interval of the experimental values. A paired t-test (α = 0.05) was performed to 

determine if there is significant difference between predictions and measurements of 

output RSD. Significant difference is rejected if the two tail p-value is larger than α, or the 

t-value of the sample size N is smaller than its critical two tail value. The results based on 

the data in Table 4 shows that the difference between RSD pairs (M =0.091%, SD =3.21%, 

N =11) is not significant, two-tail p value is 0.927 > α, t(10)=0.094 < two-tail tcritical (2.228), 

providing evidence that no significant difference is observed between the pairs. A 95% 

confidence interval about the mean difference of RSD is (-2.06%, 2.25%). Although some 
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differences are observed between the experimental and predicted variance, the predicted 

values follow the same trends as the experimental measurements. The main sources of 

variation between predicted and observed values include:  

 

Figure 2.7 95% confidence interval of experimental RSD are calculated and compared to 

the predicted values. 

 

(1) The term ( ) ( , )ε θ ε θ θ− −in Et t , which in equation (2-8) was assumed to be negligible, 

may contribute to output fluctuations in practice in the examined case study. 

(2) In the RTD fitting process, the variance component due to RTD fluctuations was 

estimated by two repeats of pulse tests. This may introduce non-representative variability 

on the normalized mean sum of square Eσ  and thus lead to deviations on the predicted 

variance. 

(3) The estimated interval TΔ  in the RTD modeling process might be too short, which 

might fail to capture fluctuations occurring outside the recorded tail of the RTD curve. 
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2.3.2.2 Effect of operating and design parameters 

 

Figure 2.8 Effects of operating conditions on the variance component due to feed rate 

fluctuations. 

 

The effect of feed rate, blade speed and blade angle on output variance due to feed rate 

fluctuations, incomplete transverse mixing and RTD variability are plotted in Figures 2.8 

to 2.10. In agreement with the RSD results shown in Figure 2.7, under the experimental 

conditions examined here, the variance component caused by feeder fluctuations shown in 

Figure 2.8 is insignificant (<0.08%) when compared with the other two components 

(0.2%-0.8%) and is negligible (< 0.02%) in 40RPM -160RPM, as the mixer filters out most 

input fluctuations in this range of blade speeds. At 250RPM, the mixer exhibits much 

worse filtering efficiency at 45 kg/hr than at 30 kg/hr, but the contribution of input 

fluctuations to the overall variance is still low.  
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Figure 2.9 Effects of operating conditions on the variance component due to incomplete 

transverse mixing. 

 

 
Ingram et al. (2005) found that the radial dispersion coefficient increased at high rotating 

speed and moderate high fill level in rotating drums. In agreement with their previous 

findings, faster decay of variance component due to incomplete transverse mixing is found 

here at high blade speed in the studied convective mixer (Figure 2.9). It is also observed 

that at low blade speed, high feed rate facilitates transverse mixing. This is due to the 

significant increase of fill level under such conditions, which leads to larger number of 

blade passes experienced by the powder and results in faster radial dispersion. Mixing is 

also improved in the alternate blade configuration due to the effect of reflux discussed 

above. Both effects are offset at high blade speed when the whole mixer is fluidized. 
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Figure 2.10 Effects of operating conditions on the variance component due to RTD 

variability. 

 

Figure 2.10 shows the influence of operating conditions on the component of RTD 

variability. At high blade speed, short residence time and high blade speed lead to highly 

variable RTD profile and contribute to larger variance component. It is also noticed that 

high feed rate produces large RTD variability, possibly due to large fill levels and less 

homogeneous dispersion of particles in the axial direction. Decrease of this component in 

the alternate blade pattern can be explained by the increase of backward flux that facilitates 

axial mixing, thus leading to less variable RTD profiles.  

Based on the analysis above, the influence of each operating condition on different 

variance components can be summarized as follows. High blade speed facilitates 

transverse mixing, but introduces variability on the RTD profile and is inefficient in 

attenuating feeder fluctuations. High feed rate increases fill level at low blade speed, 

increasing the number of blade passes during the residence time, which benefits transverse 
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mixing while results in more RTD variability. Backward mixing produced by the alternate 

blade pattern improves mixing due to the refluxing effect while leads to less variable RTD 

profiles at moderate blade speed. In summary, the alternate blade pattern at moderate blade 

speed generates the most efficient continuous mixing for the materials examined here, 

while the effects of feed rate on transverse mixing and RTD variability offset each other for 

the studied conditions, and thus is insignificant to the overall mixing performance. 

2.4 Summary 

In the present study, we have developed a method based on the experimental RTD for 

prediction of the mixer performance in a continuous mixing system. Different sources of 

output variance are separately examined using this method, which leads to better 

understanding of the effects of operating conditions on each of the individual variance 

component. Based on the established RTD-RSD correlation, the effects of two feed rates, 

two blade configurations and four blade speeds are analyzed. The results show that 

moderate RPM and alternate blade configuration facilitate mixing, while change of feed 

rate shows no significant influence to the overall output variance. Since the developed 

methodology is independent of operational conditions, sampling detection method, and 

mixer type, it should be applicable as a general method to investigate continuous mixing 

processes. Moreover, the developed variance separation method has an important 

advantage in understanding the behavior of different variance sources, and thus provides 

quantitative guidance in further studies in design and control of continuous mixer. 
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Chapter 3  

Axial blending analysis using Fourier series 
method 

Fourier series is a widely used mathematical tool in the applied sciences and has been 

applied in the field of solid mixing before. The applicability of discrete Fourier transform 

(DFT) has been  tested on characterizing random and ordered solids mixtures (Shin and 

Fan, 1978). It has also been employed on the autocorrelation function to determine the 

scale and intensity of time-dependent segregation (Ralf Weineköter, 1995). In this chapter, 

we develop a general analytical method to characterize the feeder effects on continuous 

power mixing processes based on the definition of the VRR and the theory of Fourier series. 

The remainder of the chapter is organized as follows. In Section 3.1, the methodology for 

practical estimation of the filtering ability of the mixer is presented. The spectrum of 

fluctuation variance distribution and the filtering ability are defined and derived. A case 

study of a real feeder-mixer system was explored in Section 3.2 to practically illustrate the 

application of the method. A dispersion model was used to determine the RTD and the 

results were applied to the VRR analysis. The chapter concludes in Section 3.3 with a 

summary and discussion. 

3.1 Methodology 

3.1.1 Introduction of the variance reduction ratio (VRR) 

The earliest formula of the VRR (Danckwerts, 1953) was derived to characterize the 

fluctuations of continuous fluid mixer: 
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2

2 0

1 2 ( ) ( ) ( )out

fluid in

R r E E r d dr
VRR

σ θ θ θ
σ

∞
= = +∫ ∫      3-1 

2

( ) ( )( ) in in

in

t t rR r δ δ
σ

−
=          3-2 

( ) ( )in in inC t C tδ= +          3-3 

where R(r) in equation (3-2) describes the autocorrelation coefficient or serial correlation 

coefficient. ( )inC t , expressed as sum of the mean value inC  and the fluctuation 

part ( )in tδ in equation (3-3), is denoted as input feed rate. E(t) is the normalized residence 

time distribution, derived from the measured residence time distribution C(t) using 

equation (2-2). 

As mentioned, formula (3-1) was designed for fluid mixing. A modification suitable for 

solid mixing characterization was suggested based on the limited homogeneity of output 

mixture (Ralf Weineköter, 1995): 

2
,

2

1 1 out idealfeed

solids fluid inVRR VRR
σ

σ
= +        3-4 

where solidsVRR  expresses the overall VRR of solid continuous mixing. The fluid mixing 

part, fluidsVRR , indicates the variance from the remainder of feed rate fluctuations that the 

mixer fails to smooth out. The solid mixing part, 2 2
,out idealfeed inσ σ , can be represented by the 

value of VRR under ideal feed rate conditions. In this study, since we focus on the 

contribution of feeder fluctuations to the output variance, the ideal feed part is not 

considered in the following sections. Several assumptions necessary for the following 

Fourier analysis on the fluid mixing formula of VRR are discussed below. 
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3.1.2 Assumptions for the Fourier series method 

The standard form of Fourier series is as follows: 

0

1
( ) [ cos( ) sin( )], [ , ]

2 n n
n

af x a nx b nx x π π
∞

=

= + + ∈ −∑      3-5 

1 ( )cos( )na f x nx dx
π

ππ −
= ∫ ; 1 ( )sin( )nb f x nx dx

π

ππ −
= ∫     3-6 

where ( )f x is a real variable function with period 2π on the interval [ , ]π π− ; an, bn are the 

coefficients of the nth frequency component of the sine and cosine function series. Using 

equation (3-5), the variance of the function can be expressed as the sum of squares of 

na and nb , due to the orthogonal relationships of the sine and cosine functions: 

2 2 2 2
2

1 1

( ( ) ( ))

2 2 2
n n n

n n

f x f x dx a b s
π

πσ
π

∞ ∞
−

= =

− +
= = =∫ ∑ ∑      3-7 

In equation (3-7), the thn frequency variance component of f(x) is expressed as half of the 

corresponding square of frequency intensity 2 2 2
n n ns a b= + . One of the major advantages of 

equation (3-7) is that it can illustrate the frequency distribution of the feeding fluctuations. 

In order to apply this analysis into continuous mixing processes, three assumptions are 

required as follows. 

Firstly, the function of residence time distribution E(t) is assumed to be time-invariant in 

the mixing process. This assumption is valid in most cases since residence time distribution 

is the probability distribution of a large number of particles in the pulse test. In other words, 

we assume that the fluctuations in composition at the entrance of the mixer do not 

significantly alter the flow of the powder through the mixer. It is based on the Danckwerts’ 

formula (2-6). 
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Due to the definition of Fourier series, the periodic function ( )f x  in equation (3-5) is 

defined on the interval [ , ]π π− ; however, the definition domains for both ( )inC t  and E(t) 

are from zero to infinity while both feed rate fluctuations and RTD can only be recorded for 

finite times in practice. Due to these limitations, another assumption is that the magnitude 

of E(t) is negligible at the end of the RTD measurement. This makes sure that the recorded 

values can be truncated and transformed onto the interval [ , ]π π−  without missing 

significant signal information. Exception to this assumption could occur when the mixer 

has quasi-stagnant regions exchanging mass very slowly with the main flow. This issue is 

discussed later in section 3.1.4. 

The last assumption concerns the Dirichlet conditions that describe the sufficient condition 

that guarantees existence and convergence of the Fourier series analysis. Based on this 

assumption, finite coefficients na and nb  in equation (3-6), together with the existence of 

finite discontinuities, maxima and minima of points in f(x), are sufficient for Fourier series 

convergence. The Dirichlet conditions should be satisfied on the involved feed rate 

fluctuations, which guarantees that the reconstructed function based on the Fourier series 

and the original function of feeder fluctuations are consistent with each other. 

3.1.3 Application of Fourier series analysis 

Based on equation (3-5), and the assumptions above, the continuous functions of feed rate 

fluctuations ( )inC t  and the residence time distribution ( )E t  in formula (2-6) were 

transformed onto the interval [ , ]π π− , and substituted by the corresponding Fourier series. 

The final output variance and VRR formula of Fourier series are as follows: 

2 2 2 2 2 2 2
2 2

1 1

( )( )
2 2

n n n n n n
out

n n

a b A B s F πσ π
∞ ∞

= =

+ +
= =∑ ∑       3-8 
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where na , nb  are the Fourier series coefficients of the transformed feed rate ( )inf t  at the 

thn frequency component, and the square of the frequency intensity is denoted as 

2 2 2
n n ns a b= + ; similarly, nA , nB and 2 2 2

n n nF A B= +  are the Fourier series coefficients and 

the square of frequency intensity of the RTD function. Due to the expression of VRR in 

equation (3-9), the filtering ability of the mixer is frequency dependent, expressed by the 

term 2 2
nF π . Notice that this filtering ability is not larger than one since amplification of 

signal fluctuations is impossible in blending process. Comparison between equation (3-1) 

and (3-9) indicates that the new VRR formula can clearly illustrate the contributions of 

either feed rate fluctuations or RTD profiles to the output variance of the system, in 

different frequency domains. 

In order to utilize this new VRR formula in practice, we need to introduce the discrete 

Fourier transform, as continuous records of feed rate and RTD signals with infinite 

sampling frequency are not available. Moreover, since the scale of the Fourier coefficients 

is discrete on the frequency domain and thus is proportional to the sample length, it is 

difficult to compare variance distributions from feeding samples with different length. To 

solve these problems, procedures are described as follows. 

The expressions of discrete Fourier series are shown in equations (3-10) and (3-11), where 

N is the number of signal points evenly sampled, and nx  is the measured value of each 

point and Xk is the Fourier component of the kth frequency: 
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= ∑           3-12 

In equation (3-12) the term 2
ns  has the same definition as that of the continuous form in 

Appendix. By comparing equation (3-10) with the continuous case (3-5), it is found that N 

is expressed as N=Tin/Δt. Here Tin denotes the length of feed rate sample, and Δt is the 

sampling interval, which reciprocal of the sampling frequency.  

 

Figure 3.1 Signal fluctuation at sampling frequency may be distorted because of aliasing.  
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One common problem caused by the discrete manner of the data collection is what is called 

aliasing in the field of signal analysis, which describes the inaccuracy of fluctuation signal 

measurement around the sampling frequency (Figure 3.1). To eliminate measurement error 

caused by aliasing, the maximum frequency component we use in Fourier series is half of 

the sampling frequency. For example, if the sampling time interval is 0.1s, the sampling 

frequency is 10Hz, and the maximum frequency we can use in Fourier series calculation is 

5Hz. Therefore, the 2 ~ 1N N −  components are dropped off in equation (3-12).  

Equation (3-11) indicates that the magnitude of coefficients ak and bk is reciprocally 

proportional to the number of sampling points N. Continuous integration formula instead 

of sum of squares is thus necessary to avoid inconsistence caused by different N: 

max 2/ 2
22 2

0
1

1 ( )( )
2 2

f N

n

s n fs f df fσ
=

Δ
= ≈ Δ∑∫       3-13 

( ) nss n f
f

Δ =
Δ

         3-14 

In equation (3-14) we introduce the continuous form ( )s f  instead of the discrete variance 

component series sn. Here Δf=1/Tin is the minimal frequency interval in the Fourier series, 

and fmax/2 denotes half of the frequency of sampling, corresponding to the N/2 component 

of the variance intensity. Equation (3-14) represents the continuous variance intensity 

distribution derived from the discrete series, and the scale of this distribution is 

independent of how long the input flow is to be tested, or how many points are sampled on 

the signal of feed rate.  

Comparing equation (3-14) with the continuous formula of output variance or VRR in 

(3-8), we define the ability of a continuous mixer to filter out feed rate fluctuations as Fe(f): 

( ) ( )Fe f F f π=          3-15 
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where ( ) nF n f FΔ =  indicates that the magnitude of filtering ability is independent of the 

number of sampling points. It should be noticed that the coefficient π  in equation (3-15) 

comes from the conversion of time scale from [0, ]int T∈  to [ , ]x π π∈ − . If this conversion 

step is not applied, equation (3-15) is replaced by a general form where )( fF  is now 

directly from the Fourier series of ( )E t : 

2
)(

)( inTfF
fFe =          3-16 

Therefore, we  derive the applicable form of output variance and VRR: 

max
22 2 2

0

1 ( ) ( )
2

f

out s f Fe f dfσ = ∫        3-17 

max

max

2 2 22
0

2
2 2

0

( ) ( )1

( )

f

out
f

in

s f Fe f df

VRR s f df

σ
σ

= = ∫

∫
       3-18 

where ( )s f is the variance spectrum, and ( )Fe f is the filtering ability of the mixer. It 

becomes clear that for the input variance component 2( ) 2s f fΔ  at a small frequency 

range [ 2, 2]f f f f−Δ + Δ , a fraction of 21 ( )Fe f−  of that variance component will be 

filtered out by the mixer. This formula shows its merit in clarifying the criterion for design 

and selection of a mixer or a feeder in an integrated system. Examples of analysis of 

( )Fe f  with different parameters and applications of equations (3-17) and (3-18) will be 

discussed in detail below. 

3.1.4 Correction of the RTD in Fourier series analysis 
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Figure 3.2 The correction of the RTD using the Fourier series.  

 

In Section 3.1.2, we assumed that RTD is negligible on ( , )int T∈ ∞ . However, this is not 

the case when the tail of ( )E t  is still significant around the time point int T= . For instance, 

(2 )E τ  equals 0.1353 in the case of one-tank CSTR. If we select 2inT τ=  as the length of 

feed rate sample, the application of the previous analysis to this RTD will introduce error 

due to the truncation of the significant RTD tail. The original assumption of negligible 

RTD tail should be improved to eliminate this problem.  

The solution for this problem can be found on the characteristics of the extended periodical 

function of the Fourier series. Because the feed rate fluctuation sample is assumed to be a 

periodic function that is extended infinitely (dash line in Figure 3.2a), the output 
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fluctuation is also a periodic function due to equation 

Error! Reference source not found.: 

( ) ( ),in in inC t C t iT i Z= + ∈         3-19 

0
( ) ( ) ( ) ( ),out in in out inC t C t iT E d C t iT i Zθ θ θ

∞
= + − = + ∈∫     3-20 

Here the period of the extended functions ( )inC t and ( )outC t  equals the feed rate sample 

length inT . An equivalent RTD '( )E t  that is negligible on the domain ( , )int T∈ ∞ is created, 

which leads to the same output periodic function ( )outC t  as that of the original 

function ( )E t : 

1

( ), [0, ]
'( )

0, ( , )

in in
i

in

E t iT t T
E t

t T

∞

=
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0 0
( ) ( ) ( ) '( )inT

in inC t E d C t E dθ θ θ θ θ θ
∞

− = −∫ ∫       3-22 

The corrected RTD makes it possible to apply the Fourier series even if the assumption of 

negligible RTD is not satisfied (Figure 3.2).  This analysis will be used in the case study. 

3.2 Case study on continuous blending data 

3.2.1 Taylor dispersion model 

The mixing efficiency of RTD is most commonly characterized by its dimensionless 

second moment of the mean residence time (Nauman, 2008): 

2
2 0
2 2

( ) ( )
nd

t E t dtτ
σ

τ

∞
−

= ∫         3-23 

where the subscript 2nd is used to distinguish this metric from the variance discussed in the 

previous sections. It has been reported that in PFR 2
2 0ndσ =  and in CSTR 2

2 1ndσ = , but 
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little regarding the mixing efficiency has been discussed when the value of 2
2ndσ is between 

zero and one. In this subsection, the filtering ability index developed in this work is used to 

characterize the influence of parameters to the filtering ability of the Taylor dispersion 

model (2-11).  

 

Figure 3.3 Filtering ability of the Taylor Dispersion model with different Peclet numbers 

from one to infinite.  

 

In this model, the concentration ( 1, )C ξ θ=  at the outlet of the continuous mixer is only a 

function of θ, which can be normalized to deduce residence time distribution with only one 

parameter Pe. The filtering ability Fe(f) of the RTD modeled by Taylor Dispersion model 

are plotted in Figure 3.3, with different Pe . The plots indicate that better filtering ability of 

the mixer occurs for smaller Pe  due to lower and narrower ( )Fe f curve. On the other 

hand, the model acts more like a PFR when Pe  is large, in which no smoothing takes place 

in the mixer. ( )Fe f  equals one for all frequency components in PFR, while all other curve 
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profiles with finite Peclet numbers are below it. Figure 3.3 indicates the advantage of the 

proposed method when compared with the form 2
2ndσ . 

3.2.2 A real feeder-mixer combination 

In this section the developed methodology is applied using data obtained from a continuous 

feeder-mixer integrated system. Feed rate data ( )inC t  of excipient (Lactose) and active 

pharmaceutical ingredient or API, as well as experimental resident time distribution, are 

collected.  

A GCM 250® convective continuous mixer is used, which is operated at a blade speed of 

250RPM with all blade angles 20° forward. Two loss-in-weight (LIW) feeders provided by 

Schenck-Accurate are used to feed the mixer. Acetaminophen (with average particle size 

of 45μm), pre-blended with 0.25% SiO2, is used as a representative active pharmaceutical 

ingredient (API) and micro-crystalline cellulose (Avicel PH200, 240μm) is used as the 

main excipient. In the continuous mixing process, the mass fraction of API in this case 

study is set as 3%, and the overall mass feed rate is 66.2 kg/hr. The feed rate variability of 

API and excipient are separately measured at the corresponding feed rates, using a 

catch-scale that records the weight of powder discharged by the feeder as a function of time. 

More specifically, a container is placed on the catch scale and powder is fed for about 30 

minutes. With a sampling frequency of 10 Hz, the temporal feed rates of both components 

( )inC t  are then calculated based on the weight increase in the container. Several feed rate 

samples of 100 seconds are then randomly selected from the 30 minutes record. The 

continuous variance spectrums ( )s f of these samples are calculated. Since no significant 

difference is observed between these spectrums, a feed rate sample of  100 seconds is long 

enough to represent the variability characteristics for either API or excipient feeding, and 
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the feed rate sample measured by the catch-scale is eligible to represent the feed rate 

fluctuations in real continuous mixing process.  

In the correspoding RTD measurement, 10 grams of API is used as the pulse. The feed rate 

of excipient is equal to the sum of feed rates of the exicipent and the API in the continuous 

mixing process. After the pulse is injected at the input, samples are manually collected at 

the output of the mixer at a sampling frequency of 0.25 Hz. The disturbance to the bulk 

flow caused by the injection of the tracer is assumed to be negligible. As samples are 

collected, they are analyzed by NIR spectroscopy to determine the concentration of 

acetaminophen ( ( )C t ). The residence time distribution ( ( )E t ) is then calculated based on 

the collected concentration data. To exclude the influence of irregular fluctuations, a curve 

fitting process is applied on raw RTD data utilizing the Taylor dispersion model. The 

parameters Pe and τ in the dispersion model are optimized so that the mean sum of square 

of the residuals between the fitted curve and experimental data is minimized: 

2

1

[ ( , , )]min
n

i i

i

C C t PeMSS
n

τ
=

−
=∑        3-24 

where n  is the number of measurement points in one RTD test, and it , iC and ( , , )iC t Pe τ   

represent the time, experimental concentration and the fitted concentration of the ith point 

respectively. The fitted curve represented by the optimized set of parameters is used in the 

developed method. 

( )E t  and ( )inC t  obtained in continuous mixing experiments are converted to the filtering 

ability ( )Fe f  and the continuous variance spectrum ( )s f  for both excipient and API. 

They can be analyzed directly to clarify the performance of the system, and thus provide 

some guidelines for improvement.  
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Figure 3.4 Summary of the case study.  

(a) Fitted RTD curve, representing the mixer performance in the operation conditions of 

flow rate 66.2 kg/hr, blade angle 20 degrees forward and rotary speed 250 RPM. (b) Mass 

flow rate fluctuation of the excipient (EPT) at input and output streams. (c) Mass flow rate 

of the API. (d) Filtering ability ( )Fe f  of the fitted RTD curve. (e) Continuous variance 

spectrum ( )s f  of the excipient. (f) Continuous variance spectrum ( )s f  of the API. 

 

In Figure 3.4a the fitted RTD function ( )E t  is characterized by the optimized parameters 

1.86Pe =  and 9.51secτ = . The filtering ability profile ( )Fe f  is shown in Figure 3.4d. It 

is observed that the fluctuations at frequencies higher than 0.25Hz are almost completely 

filtered out, while below 0.1Hz the mixer is not so efficient at filtering out fluctuations. In 

Figure 3.4b, c, dashed lines represent the feed rate samples ( )inC t  of excipient (denoted as 
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EPT in the figure) and API. The length of of the samples are 100 seconds, as described 

above. By applying equation (2-6), the fluctuation of the output mass flow rate ( )outC t  can 

be calculated (Figure 3.4b, c, solid lines). Notice that since the feed rate samples )(tCin  

here are not feed rates in real conitnuous mixing experiments, the calculated ( )outC t  are 

estimations of the output flow rates. Complete validation of the prediction of ( )outC t  can 

be performed only when simutanuous measurements at input and output are available. 

However, as the feed rate samples and the RTD measurements could represent the feeding 

and filtering features of the process, the reliability of the unvalidated prediction of ( )outC t  

is guaranteed. 

Based on the feed rate samples and output flow rate predictions, a detailed variance 

reduction profile is illustrated in the continous variance spectum ( )s f  in Figure 3.4e, f. It 

can be observed that the output varince component is negligible at frequency larger than 

0.25Hz in this case study. For both excipient and API, peaks of fluctuations are significant 

at 0.05Hz in the input feed rate, while as much as 40% of the peaks survive through the 

mixing process. In this perspective the system is not in its optimal set. Based on the profile 

of ( )s f  and ( )Fe f , either shifting the peaks of feeder fluctuations to a frequency higher 

than 0.25Hz, or increasing the filtering ability below 0.1Hz or both improve the efficiency 

of the system. For instance, the attenuation of the same excipient feed rate sample by 

alternative RTDs, measured at 160 RPM and 40 RPM rotary speeds, are shown in Figure 

3.5. The fitting parameters are 77.14=Pe , Sec17.29=τ , and 40.7=Pe , Sec17.52=τ , 

respectively. Compared with the 250 RPM case in Figure 3.4, it can be seen that better 
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filtering occurs at the lower rotary speeds. The varaince peak of the feed rate sample at 0.05 

Hz is almost completely attenuated due to the small values of ( )Fe f  at that frequency.  

 

Figure 3.5 Filtering process using alternative RTDs.  

(a) Fitted RTD curve at 160 RPM. (b) Fitted RTD curve at 40 RPM. (c) Filtering of 

variance spectrum by the RTD at 160 RPM. (d) Filtering of variance spectrum by the RTD 

at 40 RPM. The excipient feed rate sample in Figure 4 is used. 

 

The input, output variance as well as the VRR can be calculated based on the integration of 

variance spectrums in Figure 3.4e, f. These values can also be calculated based on the 

traditional time domain method. Results using the two methods are consistent with each 

other (Table 1), indicating the convergence of the variance spectrum or the assumption of 

Dirichlet conditions in Section 2.2 is valid in this developed method. 
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Table 3.1 Validation of case study on the experimental data. 

Component  Frequency domain 
method Time domain method 

inσ (kg/hr) .164 .164 
outσ (kg/hr) .067 .067 Excipient 

VRR 6.01 6.02 

inσ (kg/hr) .051 .051 
outσ (kg/hr) .023 .023 API 

VRR 4.91 4.91 
 

3.3 Summary 

In this chapter, the variance reduction ratio was further analyzed by applying Fourier series 

methods. Input and output variance, as well as the filtering ability of the mixer, were 

decomposed into different frequency components. The discrete form of the Fourier series 

was developed. The coefficients of the Fourier series transformation were converted into 

continuous spectrum which can be easily used to evaluate the system when different 

feeders and mixers were integrated. 

The relationship between the filtering ability and the parameter of the Taylor dispersion 

model was studied. In the dispersion model, increasing the Peclet number reduces the 

filtering ability significantly, and extremely large Peclet numbers convert the system into a 

PFR, where the mixer fails to smooth out any input variability. The derived conception of 

filtering ability can also be applied in characterizing other RTD models where the 

influence of model parameters can clearly be estimated. Experimental feed rate and RTD 

data were used to test the applicability of this method. Based on the developed variance 

spectrum and filtering ability, the efficiency of the feeder-mixer integration can be 

evaluated and this provided crucial input for system improvement. Since the feeder 
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fluctuations that cannot be filtered out are an essential contribution to the overall output 

variance of the feeder-mixer system, this work provided a novel approach for improving 

the design and quality control of continuous mixing system for industrial manufacturing. 
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Chapter 4  

Cross-sectional blending analysis using periodic 
section modeling 

To elucidate the cross-sectional blending performance of the continuous mixer, in this 

chapter we assumes convective continuous blending as a combination of transverse 

blending and axial movement. Moreover, it is assumed that the mixing process shares 

similar characteristics as a batch mixing process within any transverse periodic section of 

the mixer. The axial movement can be characterized by the residence time distribution of 

the mixer. Thus, mixing along the axis of a continuous mixer composed of a series of 

periodic sections can be estimated. Non-segregating and segregating particles are used to 

test this idea. The rest of the chapter is organized as follows: the method, the description of 

the DEM environment, and the simulation design are presented in Section 4.1. Section 4.2 

illustrates the periodic section modeling. Results are discussed in Section 4.3, which shows 

satisfactory prediction of both non-segregating and segregating continuous mixing 

processes. We conclude with the applicability of the modeling in Section 4.4. 

4.1 Material and method 

4.1.1 Periodic section  

As indicated in the last chapter, batch mixing inside one periodic section of a convective 

continuous mixer is used to illustrate the continuous mixing process. The main 

characteristic of the proposed periodic section is that each particle that exits through one 

side of the periodic section reenters the section from the other side. This periodicity results 

in the main advantage of this method in studying the flow pattern of the continuous mixer: 
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because the volume of the section is smaller than a whole mixer, the approach allows faster 

simulations with fewer particles, which limits the computational cost. The effects of 

operating conditions on flow and dispersion of continuous mixing process has been studied 

based on the utilization of periodic section (Sarkar and Wassgren, 2009). Earlier, this 

approach was used to increase the resolution of liquid mixing simulations in static mixers 

(Hobbs et al., 1998; Zalc et al., 2002). Based on these studies, the batch mixing 

performance of periodic section is discussed here. 

In this work, the convective continuous mixing process is regarded as the combination of 

the batch mixing in one of the periodic sections in the continuous mixer, and its axial 

movement along the whole mixer. On one hand, the axial movement is consisted of the 

axial velocity vx and dispersion coefficient Ex, resulting in a residence time distribution at 

the outlet; on the other hand, we consider the periodic section as a batch due to the 

definition of batch mixing, in which no net exit or entrance of particles takes place once 

mixing starts. Since particles are in the same space through the process, mixing in the 

periodic section is only a function of time, the same as in batch. Meanwhile, steady state 

can be reached in a continuous mixer composed of a series of periodic sections. In this case, 

the distance the powder travels, instead of the time the particles stays inside the batch 

mixer, can be regarded as the measure of mixing process.  

4.1.2 Computational environment 

It is difficult to experimentally design a system that allows investigation of the batch-like 

mixing in a periodic section. Instead, the discrete element method (DEM) is used to 

simulate the process. DEM refers to a family of numerical methods for computing the 

motion of large number of particles like molecules or grains of sand, by solving Newton’s 
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equation of motion for each particle. In this work, the software EDEM® from DEM 

Solutions is the computational environment used to develop the desired geometry and 

model of particle motion. In this work, particles are modeled as monodisperse spheres, 

while the contact forces are calculated using the Hertz-Mindlin no slip contact model 

(Mindlin, 1949). The physical and numerical parameters used in this simulation are 

summarized in Table 4.1. The values are chosen so that complete mixing can be achieved 

in the time interval of simulation.   

 

Table 4.1 Physical and numerical parameters used in the DEM model. 

Value Parameter 
Particle 1 Particle 2 Particle 3 

Particle diameter 3×10-3m 2×10-3m 4×10-3m 
Particle density 1×103kg m-3 2×103kg m-3 0.5×103kg m-3 
Poisson’s ratio 0.25 
Shear modulus 3×108Pa 
Coefficient of restitution 0.5 
Coefficient of static friction 0.5 
Coefficient of rolling friction 0.01 
Simulating time step 10-6s 
Recorded time step 0.01s 
Sampling time interval 0.1s 
 

4.1.3 Materials, geometry and simulation studies 

In order to investigate different mixing behaviors, three kinds of particles with different 

diameters and densities were used in the simulation (Table 4.1) to investigate how 

segregating and non-segregating particles influence the relationship between mixing in the 

periodic section and in the corresponding continuous mixer. In the present study, we 

investigate two case studies: a first mixture consisting of only particles type 1, having 

different colors, and a second mixture of particles type 2 and 3.  The first case is 
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representative of a non-segregating mixture, while the second case will result in 

segregation, where the smaller, higher density type 2 particles will sink downward through 

the gaps between the larger, lighter type 3 particles.  

 

Figure 4.1 Simulated geometry of the mixer composed of eight periodic sections.  

(a) Side view of the mixer, blades rotate counter-clockwise and push particles forward 

along x axis, from the inlet to the outlet, (b) isometric view of one section, (c) side view of 

one section with displayed dimensions. 

 

To compare the similarity between batch-like mixing in the periodic section and the 

corresponding continuous mixing in a full blender, simulations of both processes are 

performed. In the current study, a convective continuous mixer composed of eight sections 
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with the same geometry was considered. The mixing zone consists of a horizontal cylinder, 

in which two opposing blades are located on the inner shaft at the middle of each section 

(Figure 4.1). The detailed geometry of these sections is shown in Figure 4.1b, c. Blades are 

oriented 40˚ at the cylinder axis to propel particles forward, as well as to mix particles in 

the transverse directions. Particles are fed side-by-side continuously from the top of the 

first section, and leave the mixer at the open end on the right side of the last section (Figure 

4.1a). The left side of the mixer is closed to avoid material leakage. In steady state, feed 

rate at the inlet should equals to the flow rate everywhere inside the mixer. As no weir is 

used at the outlet of the mixer, no backward flux should be observed in the last several 

sections. This indicates similar flow patterns (all forward) in the continuous mixing case, 

and in the batch mixing case of the corresponding periodic section. Meanwhile, the 

absence of weir could lead to much lower fill level in the last two or three sections than the 

rest. As mixing efficiency depends significantly on fill level (Portillo et al., 2006; Sarkar 

and Wassgren, 2009), the mixing efficiency in the last several sections should be different 

from the rest. This will be considered in the development of the periodic section modeling 

in Section 4.2.   

The batch mixing in the corresponding periodic section also needs to be characterized. 

Notice that the periodic section shares the same geometry with each single section of the 

full mixer. Instead of feeding continuously at the top of the section, particles are initially 

loaded side-by-side through the blade shaft (Figure 4.2). This insures that the main 

compositional gradients at the beginning of the mixing process are in the same transverse 

direction as the corresponding continuous process where different materials are fed in a 

similar side-by-side style. The loaded fill level and component ratio in the periodic section 
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are set to be the same as the steady state continuous mixing. While batch mixing takes 

place in the periodic section, a net forward flux due to the two forward blades is generated 

in the mixing space. This leads to flow pattern and mixing condition in the periodic section 

similar to those in the corresponding continuous case. However, for the periodic section, 

the time-dependent batch mixing process needs to be converted to a location-dependent 

continuous process in order to characterize the mixing of the whole mixer. 

 

Figure 4.2 Initial loading of batch mixing in periodic section.  

(a) 25% fill, non-segregating mixture, (b) 50% fill, non-segregating mixture, (c) 25% fill, 

segregating mixture, (d) 50% fill, segregating mixture. 

 

Simulations were done at the blade speed of 180 RPM and the volumetric ratio of 

components 1:1. Two fill levels (25%, 50%), two sampling sizes (0.15 and 0.75 cm3) and 
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two mixing pairs (segregating and non-segregating mixtures) were investigated in the 

study.  As a result, four pairs of mixing processes were investigated in two sampling sizes, 

and were used to model the mixing process for both mixtures. The processes are performed 

and measured as follow. 

4.1.4 Methods 

4.1.4.1 Fill level and flow rate 

Table 4.2 The number of initial loading particles for the periodic section 

Non-segregating particles Segregating particles 
           Particle number 
 
 
Fill level Type 1 (blue) Type 1 (red) Type 2 (blue) Type 3(red) 

25% 1120 1120 3840 480 
50% 2240 2240 7680 960 
 

In order to be able to match the fill level and the feed rate of the periodic section and the 

continuous mixer the following definition is used for the fill level: 

3

2 2

/ 6
0.64 ( ) / 4

p

mixer shaft

d n
filllevel

D D
π

π
Δ

=
−

       4-1 

where Δn indicates the number of particles per length in the axial direction, dp the particle 

diameter, Dmixer and Dshaft are the diameter of the cylinder and the inner shaft, respectively. 

The coefficient 0.64 is involved as the random packing solid fraction for sphere. Note that 

the unit of fill level in equation (4-1) is percentage (%). It defines the (volumetric) fill level 

as the ratio of the volume occupied by the random packed particles to the volume of the 

cylinder (excluding the volume of the inner shaft). When the size of the two types of 

particles are different (mixing case 2), the calculation is made by converting them to only 

one type of particle by keep constant volumetric occupation. The initial loading number of 
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each type particles 0N nl C= Δ  in the periodic section can be derived for both fill levels 

(Table 4.2). Here l0=40mm is the length of one periodic section, and 50%C =  is the 

volumetric fraction of different types of particles.  

When batch mixing is complete, the average axial velocity is calculated, which leads to the 

flow rate F: 

xF nv= Δ           4-2 

where F is measured as number of particles per time. It should be noticed that F also 

represents the feed rate in the corresponding continuous mixing that leads to the same fill 

level. Thus, equation (4-2) is used to determine the required feed rates in the corresponding 

simulations of continuous mixing (Table 4.3). 

Table 4.3 The feeding conditions for the corresponding continuous mixer. 

Non-segregating particles Segregating particles 
Feed rate F  
(particles/s) 

 
 
Fill level vx (m/s) Type 1 

(blue) 
Type 1 
(red) vx (m/s) Type 2 

(blue) 
Type 3 
(red) 

25% 0.121 3390 3390 0.119 11424 1428 
50% 0.104 5820 5820 0.104 19968 2496 
 

4.1.4.2 Measurement and model of variance and RSD 

To determine the time-dependent change in the degree of heterogeneity of the mixture, 

samples are retrieved inside the mixing space. Cubes with the side length 10 mm were 

divided in both the continuous mixer and the periodic section. In the cases of periodic 

section (batch mixing), all the samples in each interval of 0.1 sec of the simulation process 

were considered as the samples of the same time point, which guarantees that enough 

samples (80 or more) were retrieved in each time point. In the cases of continuous mixing, 
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the samples located in the same plane perpendicular to the x axis were regarded as the 

samples in the same location. The time interval recorded is also 0.1 sec. In order to 

investigate the influence of the sampling size, samples were selected based on the number 

of particles inside each cube. Thus, for the non-segregating case (particle type 1), samples 

with 7 or 35 particles were selected, respectively, corresponding to the number of particles 

that can be randomly packed within the sampling sizes of 0.15 or 0.75 cm3. For the 

segregating case (particle type 2 and 3), since particle sizes are different, samples with 

particles volumetrically equivalent to 23 and 118 particles type 2 were selected, to 

represent different sampling sizes. It should be noticed that both sampling sizes are 

relatively smaller than in practice, so that their influence on the value of RSD measurement 

can be clearly distinguished. 

After selecting the samples, the variance (σ2) and the relative standard deviation (RSD) of 

the volumetric fraction in samples of each time point or location can be calculated and used 

as a measure of the mixture heterogeneity.  

In order to characterize the batch-like mixing process with fewer parameters, the variance 

profile 2 ( )b tσ  was modeled by the exponential decrease relationship shown below, 

2 2 2 2
0( ) ( ) exp( )b SS SS bt k tσ σ σ σ= + − −        4-3 

where 2 ( )b tσ , 2
SSσ , 2

0σ  are the variance in batch mixing of periodic section, the steady state 

variance of the investigated sampling size, and the initial variance when particles are 

totally segregated, respectively; and kb is the variance decay rate of the batch mixing 

process. Note that similar relationships has been used in previous studies to model 

V-blenders, bin blenders and other batch systems (Brone et al., 1998; Sudah et al., 2002b). 

As 0.5C = , 2
0σ  can be considered as equal to 0.25 using the following equation:  
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2
0 (1 )C Cσ = −           4-4 

which leads to the initial RSD value of 1 by applying equation (2-2). 

4.1.4.3 Measurement and model of RTD 

In order to characterize particle movement of both the continuous mixer and the periodic 

section the residence time distribution (RTD) is used in this work. Instead of using the 

pulse test method by Danckwerts (1953) in the simulation of continuous mixing, RTD was 

measured by considering the trajectory of particles inside the flow of the mixer, or the 

periodic section. Figure 4.3 shows the trajectory of one particle in the direction of axial 

movement in the periodic section. Since the blades in the periodic section are all forward, 

unilateral movement can be observed for the studied particle. When it reaches the right side 

of the section (40mm), it reappears at the other side (0 mm). Therefore, the time interval 

between two transverses at one end of the space can be considered as one sample of the 

RTD of a single periodic section. As a result, the RTD can be derived using the following 

equation: 

1

( ) i
i

i
i

nE t
n t

=

=
Δ∑

         4-5 

where Δt the sampling time interval, and ni the number of samples in which the residence 

time of each sample lies in (ti, ti+Δt). The RTD within sections of a whole continuous mixer 

is measured in a similar way. However, in this case, one particle reaches the right side of 

the sections will leave the system, instead of reappearing at the left side. To eliminate noise 

from the measurements of RTD, around 6000 samples of particle trajectory were retrieved 

for each RTD measurement. If the same flow rate and fill level are shared by sections in a 

continuous mixer and the corresponding periodic section, the RTD within the continuous 
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mixer can also be derived through the convolution of the RTD in one periodic section for 

several times, which allows more efficient calculation.  

 

Figure 4.3 Trajectory of one particle inside the periodic section.  

 

To clarify the physical meaning of the statistical RTD obtained above, the Taylor 

dispersion model (Section 2.2) is applied. 

4.2 Periodic section modeling 

As indicated in Section 4.1, the decrease of mixture heterogeneity is time-dependent in the 

batch mixing process of the periodic section, while it is location-dependent in the 

continuous mixing process. Meanwhile, we assume approximately a constant mixing 

efficiency through the whole continuous mixer where the fill level is almost the same, 

except for the last several sections. This indicates that in these first several constant-fill 
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sections, the continuous mixing process of one cluster of particles depends only on the time 

the cluster spends inside these sections. In other words, a continuous mixer with a series of 

constant-fill sections can be considered as a batch mixer, which has the same fill and 

mixing efficiency, and is operated for a time period equivalent to the RTD in the 

continuous mixer. Thus, the present model should be designed to link the mixing efficiency 

of these constant-fill sections, the RTD the clusters of particles stay within these sections, 

and the heterogeneity decay curve along the continuous mixer. Since the batch mixing in 

one periodic section should share the fill level and flow pattern with continuous mixing 

within these constant-fill sections, we assume they share approximate the same mixing 

efficiency. Based on this assumption, as well as the definitions of RTD and variance in the 

previous section, the following empirical relationship is proposed:
  

2 2

0
( ) ( ) ( , )c bx t E t x dtσ σ

∞
= ∫         4-6 

where 2 ( )c xσ  is the variance at different locations x  along the axis of a continuous mixer; 

2 ( )b tσ   is the variance decay of the batch mixing in the periodic section; and ( , )E t x  is the 

RTD in the continuous mixer at location x. Notice that the sampling sizes of the 

measurement of 2 ( )c xσ  and 2 ( )b tσ  should be the same. 

Equation (4-6) is proposed based on the assumption that the variance at each transverse 

plane in the continuous mixer is the average of the variance of the clusters of particles at 

the same plane, which may have spent different residence time inside the mixer. Since in 

most cases, the RTD in the convective continuous mixer is unimodal (single peak), the 

average variance of these clusters of particles should be close to the variance of the cluster 
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with the most particles, or the cluster that spends the mean residence time inside the mixer. 

Based on this observation and equation (4-4), equation (4-6) can be re-written as follows: 

2 2 2 2
0( ) ( )exp( )c SS SS cx k xσ σ σ σ= + − −        4-7 

where 2
SSσ , 2

0σ  represent the same parameters as in equation (4-6), and kc is regarded the 

variance decay rate along the axis of a continuous mixer, which is calculated as  

/c b xk k v=           4-8 

Equation (4-6) -(4-8) show the potential relationship between the batch mixing of a 

periodic section and the corresponding continuous mixing, which shares the same fill level 

with the periodic section. Considering the difficulty on realizing the periodic section 

experimentally, equation (4-8) provides an alternative to estimate the value of kb in practice. 

Since the variance decay and RTD data can be measured in the continuous mixing process, 

we can achieve the values of kc and vx conveniently, and then the value of kb can be easily 

calculated. On the other hand, since RSD is usually used as mixing index in practice, we 

divide equations (4-4), (4-6) and (4-7) by square of the average concentration ( 2C ), and the 

equations are converted to: 

2 2 2 2
0( ) ( )exp( )b SS SS bRSD t RSD RSD RSD k t= + − −      4-9 

2 2

0
( ) ( ) ( , )c bRSD x RSD t E t x dt

∞
= ∫        4-10 

2 2 2 2
0( ) ( )exp( )c SS SS cRSD x RSD RSD RSD k x= + − −      4-11 

The simulation designs described in the previous section are used in the next section to 

validate equations (4-9) -(4-11). 
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4.3 Verification 

4.3.1 Non-segregating particle mixture case 

 

Figure 4.4 RSD-t curves of batch mixing in periodic section of non-segregating particles. 

 

The non-segregating batch mixing results of the periodic section are shown in Figure 4.4. 

The influence of the fill level and the sampling size can be charcterized. The upper graphs 

show the RSD decline at the smaller sampling size (7 particles), which indicates larger 

RSDSS (~0.4). When decreasing fill level from 50% to 25%, the kinetics of mixing 

improves, i.e., the RSD decays quicker. However, RSDSS is independent of the fill level. 

This is expected since the final mixing state in non-segregating mixing case represents 

random packing of the mixture, in which RSDSS is only related to the sampling size. In this 
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case, it can be calculated using the binomial theorem (Brone et al., 1998). Similar results 

were observed at the larger sampling size, in which a smaller value (~0.16) was obtained.  

In order to identify the model parameters for the batch-like processes, we use the least 

square method for the error between the simulation of RSD decay and the model for one 

component in the section. Since the initial state can be calculated using equation (4-4) 

(RSD0=1), the parameters in present fitting process are only RSDSS and kb. The curves in 

Figure 4.4 correspond to the best fits. As expected, almost the same RSDSS are achieved for 

both fills in non-segregating mixing, while the larger value of kb in 25% fill indicates faster 

mixing. In fact, based on equation (4-9), if 2 2 2 2
0( ( ) ) /( )b SS SSRSD t RSD RSD RSD− −  is plotted 

logrithmatically vs. time, the batch mixing rate kb can be defined as the negative slope of 

the linear relationship. Therefore, only two adjustable parameters are required to capture 

all process configurations and the fitted, smoothed decay curves can be used in predicting 

the mixing of the corresponding continuous processes. 

The fill level distributions of the non-segregating mixing cases vs. the section number are 

also plotted (Figure 4.5a). Results indicate similar distributions for both fills. Due to the 

effect of no weir at the end of the mixer, fill level drops quickly at the right of the 6th section 

(the vertical dot line). Before that transverse plane, the fill levels are approximately 

constant. As indicated in the modeling, application of equation (4-11) is valid only within 

constant-fill sections of the mixer. Therefore, the RTD only within the first six sections are 

statistically calculated, which are used in the corresponding continuous mixing prediction. 

The RTD data at 2, 4, 6 constant-fill sections are plotted in Figure 4.6. Since the 

calculations from continuous mixing and from convolution of single periodic section 

mixing lead to the same RTD data, only the RTD from the continuous mixing are shown. 
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Linear increase of the mean residence time, as well as the accumulated dispersion, can be 

observed with the increase of section number. On the other hand, the decrease of fill level 

leads to smaller mean residence time and boarder RTD profile. This indicates faster axial 

mixing and movement at low fill, which is often observed in both batch and continuous 

mixers (Portillo et al., 2008b). As more space is available at low fill, a single particle 

experiences more turns-over per blade pass, which facilitates both axial flow and 

dispersion. The curves of RTD in Figure 4.6 represent the best fit by applying the least 

square method, and show good accuracy on describing the data.  

 

Figure 4.5 The fill level distribution along the mixing axis.  

(a) Non-segregating cases. (b) Segregating cases.  
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Figure 4.6 RTD data and curve-fitting of 2, 4 and 6 constant-fill sections for 

non-segregating partilcles. 

 

Figure 4.7 shows the simulated and calculated results of RSD decay in the case of 

continuous mixing, for the first six constant-fill sections. By using equation (4-10), the 

model fitted curves of both the batch mixing (RSD-t curve) in the periodic section and the 

RTD were applied in predicting the RSD decay curve within the continuous mixer. It can 

be seen that the calculated results could capture very well the simulated results for the 

constant-fill sections (equation (4-11) leads to almost the same prediction). To compare the 

RSD decay rate of different fills, the RSD values of 0.5 (for the sampling size of 0.15 cm3) 

and 0.25 (for 0.75 cm3) were considered as the check points. It can be observed at 25% fill, 
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fewer periodic sections are needed to achieve the same check point, indicating better 

continuous mixing performance. Based on the obtained RSD-t and RTD information, 

although at 25% fill mixing is faster, the particles move also faster than that of 50% fill and 

exit the mixer earlier. Therefore, the influence of batch mixing rate kb to the RSD decay 

rate /c b xk k v=  is more significant than that of the particle movement xv  in the current 

mixing case. On the other hand, feed rate at 50% fill is significantly larger than that at 25% 

fill, which is preferred in high flux manufacture process.  

 

Figure 4.7 Simulation and calculation of RSD-l curves in continuous mixing processes, 

non-segregating particles.  

 

4.3.2 Segregating particle mixture case 
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Figure 4.8 RSD-t curves of batch mixing in periodic section filled by segregating particles. 

 

Figure 4.8 shows the batch mixing results for the segregating mixture. As illustrated in the 

previous section for the non-segretating case, decreasing the fill level allows larger batch 

mixing rate. However, the important aspect here is the fact that SSRSD  are fill level 

dependent, and in both fills should be higher than the case of random packing. This means 

that the size and density ratio between the particles induces segregation that the mixer 

cannot completely eliminate. SSRSD  are larger at 25% fills in both sampling sizes, 

indicating more segregation. This can be explained by the strength of blade disturbance on 

the segregation. As the fraction of prepelled particles is smaller at low fill, the influence 
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blade disturbance to the formation of segregation is smaller, leading to a more segregated 

mixture.  

For the segregating cases, the fill level distributions within the continuous mixer processes 

are almost the same as the non-segregating cases (Figure 4.5b). As a result, the first six 

sections in the continuous mixer approximately share constant fill level with the periodic 

section. The RTD calculated at the end of the 2, 4, 6 sections are plotted in Figure 4.9, 

which shown high similarity to these of the non-segregating cases. This similarity indicates 

small difference between the bulk flows of materials with different properties, in our 

current study.  

 

Figure 4.9 RTD of batch mixing in 2, 4 and 6 periodic sections for segregating partilcles. 

 
 



 

  

70

 

Figure 4.10 Simulation and calculation of RSD-l curves in continuous mixing processes, 

segregating particles. 

 

The simulated and calculated results of RSD decay along continuous mixing axis can be 

seen in Figure 4.10. Although fluctuations can be observed on the simulated data, which 

are caused by random formation of segregation along the direction of particle movement, 

the calcuated curves predict the simulation trends very well. As mentioned in the batch 

mixing case, SSRSD  is determined by the strength of blade distubance, which is lower at 

50% fill. Meanwhile, due to the coupling effects of both mixing and axial motion, RSD of 

continuous mixing decays quicker in the case of 25% fill, while better mixing is achived in 

the case of 50% fill. Since 50% fill also leads to higher feed rate and thus larger production 
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rate, it should be selected for continously mixing of this segregating case, although more 

sections are needed to construct the desired mixer. 

4.4 Summary  

In this chapter, we have proposed a model based on the idea that the convective continuous 

mixing results from the combination of a batch-like mixing and an axial flow of the 

particles. Based on the empirical relationship between the two processes, the cases of 

non-segregating and segregating mixing are investigated. The results show that the 

proposed methodology can describe both cases capturing the main characteristics of the 

continuous mixing process, including the batch mixing rate ( bk ), the axial velocity 

particles move forward ( xv ), and the quality of the steady state mixture ( SSRSD ). Results 

show that the necessary number of periodic sections (indicated by ck , larger ck  leads to 

less necessary number of sections) in the continuous mixing process is not only determined 

by the rate of local radial mixing, but also by the velocity how fast the materials are 

delivered inside the mixer. Therefore, for the purpose of clearly understanding effects of 

different variables on mixer performance, a separate consideration of mixing and moving 

is suggested for further study of continuous powder mixing processes.  

In the application of the model, direct prediction of the variance (or RSD) decay requires 

constant-fill sections. If there is a fill level distribution (for instance, no weir at the end), 

mixing efficiency changes through the mixer, and prediction of the whole mixer through 

the batch mixing of periodic section at a single fill level is not applicable any more. That is 

the reason direct calculation using the model requires the exclusion of the sections with a 

different fill level. To improve this inconvenience, an important idea is that the variance 
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decay can be calculated in separate subsections with different fills or mixing efficiencies. 

The decreased variance calculated at the end of one subsection should be used as the initial 

condition in the calculation of the next subsection. In other word, we can define a 

multiplicative process for the variance decay, where in each subsection, variance goes 

down by a factor ,exp( )i c i iF k x= − Δ . Here ,c ik  represents the uniform variance decay rate 

along axis x  within subsection i, and ixΔ  denotes the length of the subsection. This 

requires involvement of mixing rates of the subsections at different fills, and the RTD 

calculated separately for different subsections. This issue is worthy of investigation and 

under consideration of future publication.  

It should be emphasized that the periodic section modeling work indicates the similarity 

between the continuous powder mixing and an equivalent batch mixing process. Therefore, 

the knowledge developed in the field of batch mixing can be applied for the design and 

optimization of continuous mixers.  That means that designs and operations that improve 

the performance of batch mixer can be conveniently used in the design of a continuous 

mixer, provided that the axial motion of the materials is slow enough for the equivalent 

batch mixing to be complete. Also due to the difficulties of experimentally performing 

batch mixing of the periodic section, knowledge of the similarity between the mixing rate 

of one periodic section and batch mixers with similar geometries can facilitate the practical 

estimation of the mixing efficiency of a continuous process, and thus is worth considering. 

This issue is discussed in the next chapter. 
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Chapter 5  

Blender design based on batch experience 

To examine the similarity of blending between batch and periodic section, in this chapter 

we use the Discrete Element Method (DEM) to investigate a family of simple geometries 

consisting of a horizontal cylindrical section with periodic end walls, stirred by several 

blades rotating around an axial shaft. Ideally, it would be desirable to have access to a 

simple, experimentally realizable system that could be used to study cross-sectional 

mixing in batch-like geometry in an effective manner. A simple geometry that is 

experimentally realizable is a cylindrical section with solid end walls. However, the 

presence of the end walls should be expected to affect the flow pattern, possibly leading to 

very different mixing performance, potentially rendering the device useless as a validation 

system. The rest of the chapter is organized as follows: the Discrete Element Method 

(DEM), and the parametric space examined are described in Section 5.1; in Section 5.2 we 

describe the results obtained, which show the effects of these designs on the mixing 

performance. We summarize these effects and present the conclusions of this work in 

Section 5.3. 

5.1 Methodology 

5.1.1 Discrete Element Method 

Since the blending experiments in a cross section with periodic boundaries are difficult 

(and perhaps impossible) to perform, we use the Discrete Element Method (DEM) as the 

tool for examining the effect of blade patterns on flow and mixing for the configurations of 

interest. Particles simulated are spheres, where the contact forces are calculated using the 
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default Hertz-Mindlin no slip contact model (Mindlin, 1949). The governing equations for 

this contact model are summarized in Tables 5.1. As a starting point, the analysis in this 

work is only focused on the mixing dynamics of free-flowing materials. several geometries 

are examined: (1) the “all forward” configuration, where two blades push particles in the 

same direction along the axis (Figure 5.2a); (2) the “all alternate” configuration where one 

blade pushes the particles forward, and the other moves the particles backwards along the 

axis (Figure 5.2b); (3) the “partial forward” configuration, where two blades push particles 

forward and one moves particles backward along the axis (Figure 5.7a); and (4) the “partial 

alternate” configuration, where two “partial forward” cross sections are symmetrically 

connected (Figure 5.7b).  

 

Table 5.1 Governing equations in the Hertz-Mindlin no slip contact model. 

Force Formula Annotation 
Normal force * * 3/ 24

3n nF E R δ=  

Normal damping force 
*52

6
d rel

n n nF S m vβ= −  

2 2

ln
ln

e
e

β
π

=
+

 

Tangential force 
t t tF S δ= −  

Tangential damping 
force 

*52
6

d rel
t t tF S m vβ= −  

e  coefficient of restitution 
*E  equivalent Young’s Modulus 
*m  equivalent mass 
*R  equivalent radius 
nS  normal stiffness 

tS  tangential stiffness 
rel
nv  relative normal velocity 
rel
tv  relative tangential velocity 

nδ  normal overlap 

tδ  tangential overlap 
 

 

Before mixing starts, particles with the same properties are labeled with different colors 

(red and blue) to simulate an initial side-by-side loading pattern along the shaft. This 

guarantees that the direction of the studied batch-like mixing process is the same as in the 
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corresponding continuous process. Blades then start to rotate at 180RPM, and mixing for a 

period of 6 sec is recorded. Samples are captured by dividing the mixing space into small 

cubes (10×10×10 mm3), in which the cubes with 35 particles were selected to represent the 

sampling sizes of 0.75 cm3. Samples in each 0.1 sec time interval of the simulation process 

were considered as the samples of the same time point, which guarantees enough samples 

(80 or more) were retrieved in each time point. The RSD is calculated based on the samples 

retrieved in the interval of each 0.1 sec. All four RSD decay data sets (two fill levels by two 

sampling sizes) are then fitted. In this way, we can compare the mixing rates of different 

geometries by using the fitted values of bk . 

5.1.2 Quiver plot of velocity field in a rotating frame of reference 

Velocity field analysis, which is routinely used to examine mixing of fluids, has also been 

used in the investigation of solid mixing process for batch mixers (Alexander et al., 2004; 

Brone et al., 1997; Jones et al., 2007; Laurent and Bridgwater, 2002; Moakher et al., 2000; 

Sudah et al., 2002c; Wightman et al., 1998), continuous mixers (Sarkar and Wassgren, 

2010; Sarkar and Wassgren, 2009) and both (Manas-Zloczower, 1994). In these bladed 

geometries considered here, the effect of rotary blades sweeping the mixing space hinders 

a strict application of flow analysis, because the geometric space of the material flows 

driven by blades is time-dependent in a stationary frame of reference. This 

time-dependence makes it difficult to establish a straightforward relationship between flow 

characteristics and mixing performance in these mixers.  
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Figure 5.1 The rotating frame of reference.  

(a) Side view of one open-ended batch mixing space. F indicates the forward blade and B 

the backward blade. (b) The rotating speed of the rotating frame equals to the speed of 

rotating shaft, so that in this frame the location of blades is stationary. (c) The rotating 

frame view in which quivers of velocity fields are plotted. Notice the forward or backward 

fluxes pushed by the blades. 

 

To simplify interpretation of flow portraits generated by the passing blades, a rotating 

frame of reference, similar to the one used by Harvey et al. (1995) in describing the fluid 

flow in a baffled impeller stirred tank, is introduced in this work. The advantage of this 

representation is that the geometry determined by the solid boundaries (wall and blades) is 

steady in this frame of reference. It is important to remark that we do not simulate the 

velocities in a rotating frame, only represent them in the rotating frame for ease of 

interpretation.  
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The rotating frame is set to have the same rotational speed as the blades, so that the blade 

locations are stationary in this new frame (see Figure 5.1b). Subsequently, quiver plots of 

the velocity field in this frame are calculated as follow. At time tΔ  after mixing starts, the 

rotated angle 0θ  of the reference frame is 

0 tθ ω= Δ           5-1 

where ω equals to the angular velocity of the rotating blades. For one particle with location 

( , , )x y z  and velocity components ( , , )x y zv v v  that are measured in a stationary rectangle 

coordinate system, its location and velocity in the corresponding cylindrical coordinate 

system are denoted as ( ', , )r xθ  and '( , , )r xv v vθ , respectively. Here x  represents the 

location of the particle in the axial direction, y  the location in the side direction and z  in 

the vertical direction in the rectangle coordinate system; 'θ  the angle in the tangent 

direction, and r  the location in the radial direction in the cylindrical coordinate system. 

Based on these notations, the location of the same particle in the rotating frame of reference 

can be denoted as ( , , )r xθ , in which 

0'θ θ θ= −           5-2 

where ( , )θ π π∈ −  represents the angle of the particle in the rotating frame, r  and x  have 

the same meaning as these in the cylindrical coordinate system.  

In order to facilitate intuitive analysis, one more simplification is needed: we plot the 

velocity field in angular-axial 2-D coordinates, using color to denote velocity magnitude 

and arrow to denote velocity direction. Such 2-D plots are more easily interpreted than a 

full 3-D representation of a vector field. To this end, we average velocities along the radial 

coordinate; i.e., all particles within the same beam ( , )xθ  are considered to be at the same 
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location in the rotating frame. Since the vertical axis (θ ) in Figure 3c is the angular 

coordinate, the angular velocity θω  instead of the linear velocity 'vθ  is used as the vertical 

velocity component of the velocity vector field and, as mentioned, is radially averaged 

once the proper angular expression is denoted,  

' /v rθ θω =           5-3 

It should be noted that the angular velocity ω  of the rotating frame is not subtracted in this 

representation, which means that the effect of blades on particle fluxes can be observed in 

the quiver plots. As a result, the vector ( , )xvθω  is considered as one sample of the velocity 

field at location ( , )xθ , which can then be time-averaged to draw the approximate 

steady-state quiver plot of velocity field. The amplitude of the velocity at each location in 

this field is calculated as: 

2
2( , )

4
mixer

x
Dv x vθωθ ⎛ ⎞= +⎜ ⎟

⎝ ⎠         5-4
 

in which the velocity at half of the radius ( / 4 / 2mixer mixerD r= ) is used to represent the linear 

velocity component on the angular direction. 

This simpler representation is obviously obtained at a cost: we lose the information 

describing the radial component of velocity. However, the angular velocity provides a 

good representation of cross-sectional circulation, while the axial velocity captures the 

nature of axial net flow as well as axial recirculation. In summary, the usefulness of the 

plots is to make up for the loss of radial velocity information. 

5.2 Case studies 

3.1 Case Study 1: effect of end walls 
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Figure 5.2 Case Study 1: geometries and rotating frame view of blade patterns.  

(a) The “all forward” periodic section (PS). (b) The “all alternate” open ended batch 

section (OB). (c) The “all alternate” close-ended batch section (CB). Dotted lines in the 

rotating frame are the periodic boundaries, and solid lines indicate end walls.  

 

The effects of geometry designs on the mixing performance of several cross-sectional 

elements were investigated in three case studies. For our first Case Study, the 

cross-sectional element representing an “all forward” periodic section (PS) was 

constructed from a horizontal cylinder (diameter 80 mm and length 40 mm). Two 40° 

forward blades (20×40 mm2) were located opposite to one another at the middle of its shaft 

(diameter 10mm), which was symmetrically placed at the middle axis of the cylinder 
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(Figure 5.2a). This PS elementary geometry simulate the ideally cross-sectional mixing in 

an “all forward” continuous mixer that shares the same fill level and flow rate. Based on 

the geometry of the PS, the corresponding “all alternate” geometries can be designed by 

changing one blade angle to 40° backward, which allows elimination of the net forward 

flux. Two geometries were designed to test the influence of end walls: the open-end batch 

mixer (OB, Figure 5.2b) and the close-end batch mixer (CB, Figure 5.2c), based on the 

existence of end walls on the two transverse ends of the mixing space. Notice that the OB 

simulates mixing at the middle of a long periodic batch mixer consisting of a series of 

linearly connected OB elements, or the corresponding ideally cross-sectional mixing in an 

“all alternate” continuous mixer when inlet and outlet are involved, while CB simulates the 

batch mixer consisting of only one such element.  

Figure 5.3 shows the velocity quiver plots of simulations performed in these geometries. 

The blade patterns of adjacent elements are shown below each plot for a better illustration 

of the velocity field. As the quiver plots are similar for mixing in both 25% and 50% fills, 

only those of 25% fill are plotted (the same for the other two case studies). Two design 

issues are involved here: the difference of blade directions, and the existence of end walls. 

To study the first issue, the PS and OB quiver plots are compared. While similar velocity 

fields are observed around each blade in both geometries, the velocity fields of the two 

blades are in the same direction in the PS geometry, but in oppoiste direction in the OB 

geometry, which leads to the development of a  shear zone between the two blades 

( ,0,θ π π= − ) in the OB geometry. This suggests faster mixing in the OB geometry. 

Furthermore, when comparing the velocity fields of the OB and CB geometries, convective 
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recirculation zones are observed between the end walls and the neiboring blades in the 

mixing space of CB, which suggests even better mixing conditions. 

 

Figure 5.3 Velocity quiver plots of Case Study 1.  

The regions enclosed by the red lines are plotted. PS, the “all forward” periodic section; 

OB, the “all alternate” open-ended batch section; CB, the “all alternate” close-ended batch 

section. 

 

The fill level profiles of these geometries are drawn in Figure 5.4. Although profiles are 

similar for different fills in the same geometry, the differences in these fill level profiles, 
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increase from OB to PS to CB. The low fill at the middle of the mixing space is caused by 

the blade motions in the same area: fill level decreases as blades continuously propel 

particles away from the region of blades until conter-current fluxes due to the induced fill 

level gradient are able to balance the effect of these convective motions.  

 

Figure 5.4 Fill level profiles along the axis of the simlated geometries in Case Study 1.  

 

The difference of the fill level profiles can be analyzed as follows. For the PS, the two 

forward blades provide approximately twice the same forward fluxes in one revolution, 

leading to a overlapped peak of fill level at 28 mm ahead of the blades, or 12 mm behind, 

due to the periodicity of the space. This indicates that the peak of fill level due to single 

blade motion should be 28 mm away from the blade. For the purpose of validation, a 
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continuous mixing process using the same physical and numerical parameters is simulated, 

which consists of eight PS elements geometrically similar to those modeled in the current 

Case Study (Figure 5.5). The used feed rate in the continuous mixer equals to the average 

flow rate of the mixing in the corresponding PS geometry at 25% fill. Therefore, similar 

cross-sectioanl mixing conditions are simulated for both the continuous mixer and the PS 

goemetry, thus similar fill level profile is expected to be observed. Except for the last two 

PS elements, where materials are being freely discharged from the mixer, and for the first 

element, where inlet particles lead to a slightly different fill level, almost the same fill level 

profile is observed in the rest elements of the continuous mixer as in the PS geometry, 

supporting the applicability of the current studies to the analysis of mixing of 

cross-sectional elements in continuous mixers.  
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Figure 5.5 Fill level gradient in a continuous mixing simulation corresponding to the 

cross-sectional PS mixing at 25% fill.  

(a) The side view of the continuous mixing process comprised by eight the same PS 

elements. (b) Comparison of the fill level gradients along the axis of the mixer and in 

thecross-sectional PS element. 

 

Based on the fill level analysis of the PS geometry, the peaks of fill level in the OB induced 

by alternate blades should be around two symmetric sites 28 mm away from the middle of 

the space (or at 8 mm and 32 mm from the left). In Figure 5.4, a single peak is observed at 

the ends in the OB element, which results from the superpostion of the two partially 

overlapped peaks due to signle blade motion. For the CB, the same fluxes that pass the two 

ends of the space in OB now stop at the end walls, where accumulated fill level is even 

higher than in the PS. 

 

Figure 5.6 RSD decay data and the fitted curves for Case Study 1. (a) 25% fill, (b) 50% fill. 

  

To compare mixing rate of the three geometries, the RSD decay data and the fitted curves 

were plotted as shown in Figure 5.6. For non-segregating mixtures of identical particles, 
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the value of steady state RSDSS is determined by the sampling size, and can be predicted by 

binomial theorem:  
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where c1 and c2 represent values of the two identical particles in the mixture; n denotes the 

number of particles in each sample, and Cn
k the binomial coefficient, which is a factorial 

function of n and k. Here we define c1=0 for the blue particles and c2=1 for the red particles, 

and the expectation of mean concentration of red particles in this mixture is 0.5. We can 

predict RSDSS(n=35)=0.16 for the sample size of 0.75 cm3, which fit the results very well.  

The results also indicate the difference of mixing rate kb for these geometries: mixing rate 

increases from PS to OB to CB, as has been suggested by the velocity vector portraits. At 

50% fill, the exponential mixing rate in CB is almost three times larger than in PS and 

twice as large as in OB. It is worth noting that the end walls in CB lead to fill level gradient 

larger than in the other two geometries, which may induce a stronger re-circulating flux to 

exchange particles between the sides and the middle of the mixing space, potentially 

explaining the observed faster mixing. However, the fill level gradient in OB is slightly 

smaller than PS, while the mixing rate is larger, probably due to the shearing flow between 

the two opposite directed blades. On the other hand, while the plotted velocity field are 

similar for both fills, mixing at 25% fill is found to be faster than at 50% fill. This is a fairly 

common observation for batch mixers and has been reported for rotating drums (Sudah et 

al., 2002a; Wightman et al., 1998; Wightman and Muzzio, 1998), V-blenders (Brone et al., 
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1998; Brone et al., 1997), double cones (Brone and Muzzio, 2000), and different types of 

bin blenders (Arratia et al., 2006; Sudah et al., 2002c). 

Due to the velocity fields and mixing processes investigated above, although CB mixes 

much faster due to the effect of the end walls, mixing rate in the OB is more similar to that 

in PS. Thus, the batch mixer with end walls is not suitable in estimating the mixing 

performance of the corresponding PS in the continuous mixing process. On the other hand, 

Figure 5.3 indicates that the main difference between the OB and the PS comes from the 

flow patterns, or the backward blade in the OB geometry. To solve this difference, one 

straightforward method is to introduce similar backward flux into the periodic section, 

which is discussed as follows. 

3.2 Case Study 2: effect of backward blade in the PS 

For our second Case Study, we place three blades at 120° from one another around the 

shaft, and at least one backward blade and one forward blade are always used. In the first 

configuration examined, one additional 40° backward blade is added into the “all forward” 

PS (Figure 5.7a). Since an odd number of blades were designed in this “partial forward” PS, 

the corresponding “partial alternate” batch mixer cannot be constructed just by flipping the 

blade orientation, as in Case Study 1. Instead, the open-end batch mixer was formed by 

symmetrically connecting two mirror-image “partial forward” PS elements (OB, Figure 

5.7b), in which fluxes due to symmetric pairs of blade motions always counterbalance each 

other. Based on the OB geometry, a third batch mixer was constructed by rotating the first 

element of the OB 120° in the direction of ω (OBR, Figure 5.7c). 
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Figure 5.7 Case Study 2: geometries and rotating frame view of blade patterns.  

(a) The “partial forward” periodic section (PS). (b) The “partial alternate” open ended 

batch section, with two PS elements symmetrically connected (OB). (c) The “partial 

alternate” open-ended batch section, with the first PS element symmetrically connected, 

and then rotated along the direction of ω for the angle 120° (OBR). Dotted lines in the 

rotating frame are the periodic boundaries. 

 

The velocity field representations of the three geometries examined in this Case Study are 

plotted in Figure 5.8. Due to the motion of the backward blade, zigzag velocity fields 

following the direction of the blades are found in all three geometries. This suggests 
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improved mixing conditions than in the first Case Study, since the zigzag flux pattern 

reduces the distance between adjacent convective fluxes. 

 

Figure 5.8 Velocity quiver plots of Case Study 2.  

The regions enclosed by the red lines in the rotating frame view of blade patterns are 

plotted. PS, the “partial forward” periodic section; OB, the “partial alternate” open-ended 

batch section, with two PS elements symmetrically connected; OBR, the “partial alternate” 

close-ended batch section with the first element rotated 2π/3 in the direction of ω.  
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Figure 5.9 (a) Symmetric and (b) parallel blade pairs.  

Fluxes of particles impinge in the center of the symmetric blade pairs, leading to the effect 

similar to a solid end wall between the two blades. This effect is not observed in the 

rotation of parallel blade pairs. 

 

Different number of symmetric blade pairs are observed in the geometries (Figure 5.7). 

Three pairs are found in the OB, one pair in the OBR and no pair in the PS. Since the 

symmetric pairs of blade motion produce symmetric fluxes impinging in the middle of the 

blades, this leads to an effect similar to that of the end walls in the CB geometry of Case 

Study 1 (Figure 5.9). As a result, convective recirculation is expected to occur between the 

symmetric blades and the periodic boundaries in the velocity fields of both the OB and the 

OBR geometries. The intensity of convective recirculation is expected to be proportional to 

the number of symmetric blade pairs. Based on the number of convective recirculation, we 

expect the fastest mixing in the OB, followed by the OBR, and then the PS geometry. 

The fill level profiles of the regions enclosed by the red line in Figure 5.8 are calculated and 

plotted in Figure 5.10. Due to the effect of the backward blade, the peak of the fill level 

profile in the PS is shifted leftward compared to that in Case Study 1, leading to a more 

symmetric profile. While two PS elements are oppositely connected in constructing the OB 

and OBR geometries, the fill level profiles are symmetric through two PS elements. Here, 
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the profiles of only the second element are plotted. It is found that two peaks are formed in 

the OB: the high peak at the right end of the space (40 mm) and the low peak at the left end 

(0 mm). The difference comes from the number of blades pushing particles to those areas. 

As four forward blades are set directing particles to the right end of the geometry, more 

particles accumulate there, leading to the formation of the high peak. Similarly, motion of 

two backward blades forms the low peak to the left end. On the other hand, since only two 

forward blades propel particles to the right end and no blades propel to the left end, the 

OBR geometry has detectable influence on attenuating the two peaks than the OB.  

 

Figure 5.10 Fill level profiles along the axis of the simulated geometries in Case Study 2 

for the regions enclosed by the red lines in Figure 5.8. 
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The RSD decay curves of these geometries in this Case Study are plotted in Figure 5.11. As 

compared to Case Study 1, introduction of backward blade in the PS geometry increases 

the similarity of mixing rates in the different geometries: while slight increase of the 

mixing rates are found in all geometries of this Case Study, the numerical differences of kb 

between geometries are reduced. At 25% fill, the RSD decay curves almost overlap, while 

at 50% fill, mixing rate increase slightly from the PS to the OBR and then to the OB, 

following the number of symmetric blade pairs in each geometry. This suggests that the 

effect of symmetric blade pairs is significant only at 50% fill, which can be explained that 

the impinging of particle fluxes in the middle of the symmetric blade pair is similar to the 

impinging towards an end wall only when that region is highly filled (Figure 5.9). When 

the local fill level in that region is low, this effect is not significant. 

 

Figure 5.11 RSD decay data and the fitted curves for Case Study 2. (a) 25%, (b) 50% fill. 

 

Based on these results, we believe that introducing backward blade into the PS improves 

the similarity of mixing performance between the PS and the batch mixers. Symmetric 

blade pairs in the “alternate” mixing geometries lead to better mixing performance in high 

fill level mixing cases, which is preferred in the design of continuous mixer with 
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“alternate” blade patterns. On the other hand, less symmetric blade pairs indicate more 

similarity between the mixing of the “forward” and “alternate” mixing geometries, and 

thus can be considered in the design of small batch mixers that could be used for estimating 

the mixing performance of corresponding continuous mixers consisting of the “partial 

forward” PS elements. 

3.3 Case Study 3: effect of blade axial location  

 

Figure 5.12 Case sutdy 3: geometries and rotating frame view of blade patterns.  

(a) The “all forward” periodic section with blades located in different positions (PS). (b) 

The “all alternate” open ended batch section with blades located in different positions (OB). 

(c) The “all alternate” close ended batch section with blades located in different positions 
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(CB). Dotted lines in the rotating frame are the periodic boundaries, and solid lines indicate 

end walls. 

 

Up to now, all the blades in all the geometries are always located in the middle of each 

element. This leads to significant heterogeneity of fill level along the axis. The mixing rate 

in these cases depends not only on the local fill level at the blade axial position, but also on 

the exchange rate of materials between the blade area and the rest of the element along the 

axis. When different fill level profiles are formed in these geometries, the exchange rates of 

materials along the axis may not be the same, which is probably one reason leading to the 

observed differences in mixing performance. To further examine this effect, the blades 

were placed at different axial positions, the purpose of which is to form a more uniform fill 

level profile for both the PS and other geometries. In this Case Study, the geometries of the 

PS, the OB and the CB are very similar to those in the Case Study 1, except that the two 

blades are located at different sites (at 10mm and 30mm along the axis of shaft, instead of 

at 20mm in the middle of each cross-sectional element). The geometries and the rotating 

frame view of blade patterns are shown in Figure 5.12.  

The velocity fields in this Case Study are examined and plotted in Figure 5.13. While the 

velocity fields of both the PS and the OB in this Case Study are similar to that in Case 

Study 1, a convergence point at the center of the rotating frame is observed in the OB of the 

current Case Study, instead of the shear region observed in Case Study 1. This suggests a 

smaller mixing rate in the OB geometry in the current Case Study. Furthermore, in the 

velocity field of the CB, the distance for the particles propelled by one blade to reach the 

opposite end wall is longer (30 mm) compared to that of Case Study 1 (20 mm), which 
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suggests that fewer particles will impinge directly onto the end walls. Thus, a smaller end 

wall effect is expected in the current Case Study, which may give rise to the lesser 

difference between the mixing rates of the PS and the CB geometries. 

 

Figure 5.13 Velocity quiver plots of Case Study 3.  

The regions enclosed by the red lines in the rotating frame view of blade patterns are 

plotted. PS, the “all forward” periodic section with blades located in different positions; 

OB, the “all alternate” open-ended batch section with blades located in different positions; 

CB, the “all alternate” close-ended batch section with blades located in different positions. 
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Figure 5.14 Fill level profiles along the axis of the simlated geometries in Case Study 3. 

 

The fill level profiles of this Case Study are plotted in Figure 5.14. Significant decrease of 

axial fill level fluctuations are observed for both fills, compared to previous Case Studies. 

Fluxes induced by the blades deliver materials to the next blade in the PS, or transfer 

materials to the other blade in the OB and the CB, so that local fill level at both blade 

positions do not vary much. The slight difference between the PS and OB profiles results 

from the difference between the distance particles are propelled by a single blade motion 

(28 mm), and the distance of locations of the two blades (20 mm). For the CB geometry, as 

illustrated above, fewer particles propelled by one blade are expected to reach the opposite 

end wall; however, since the distance between the blade and the opposite wall (30 mm) is 



 

  

96

approximately the same as the average distance that particles move in a single blade 

motion (28 mm), there is still a considerable number of particles impinging on the end 

walls and being reflected, which possibly leads to the slightly larger fill level in the middle 

of the element. For all three geometries, as the fill level profiles are less fluctuated than in 

Case Study 1, mixing contidions are expected to be more similar in the current Case Study. 

 

Figure 5.15 RSD decay data and the fitted curves for Case Study 3. (a) 25%, (b) 50% fill. 

 

The results of mixing simulations are plotted in Figure 5.15. It is found that under current 

sampling size, the CB mixing rate is slightly faster than the other two geometries at 50% 

fill, but is slightly slower at 25% fill. While the faster mixing at 50% fill level can be 

explained due to the effect of solid boundaries, the slower mixing at 25% fill level is 

different from Case Study 1, which may result from the close distance between blades and 

the ipsilateral boundaries. This effect requires further investigation. By comparing the 

mixing rate kb of Case Studies 1 and 3, smaller CB mixing rates are observed for both fills 

when blades are in different positions, which leads to an increased similarity of mixing rate 

between the CB and the PS. As suggested above, this increased similarity results from a 

more uniform fill level profile and a decreased end wall effect in the current Case Study. 
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On the other hand, RSD decay curves of the OB overlap with these of the PS for both fills. 

This result shows satisfactory similarity, which suggests that besides the issues of end 

walls and backward fluxes, keeping uniform fill level profile is also an important issue in 

achieving similar mixing rates between different cross-sectional elements. Based on these 

results, by constructing a batch mixer following the issues identified in the three case 

studies, it is possible to estimate the cross-sectional mixing of a continuous mixing process 

with similar geometries.  

5.3 Summary 

This work examines the cross-sectional mixing performance of several elemental 

geometries in order to determine the effect of blade orientation, and characterize the impact 

of circulation patterns in continuous powder mixers. An additional goal of the work 

presented here is to determine whether a physically realizable batch mixer can be used to 

study the cross-sectional component of the mixing process in a flow-through continuous 

mixer. Two methods are used to perform these assessments. Two-dimensional quiver plots 

of the velocity field, averaged in the radial directions, are used to examine qualitatively the 

motion of particles in the various geometries. The mixing rate, which is represented by the 

RSD logarithmic decay rate kb at a given fill level and sampling size, is used as the index to 

compare mixing performance. In addition, fill level profiles are calculated to examine their 

possible effects on mixing. 

Several effects were readily apparent from the first case study, which examined three 

elemental geometries with only two blades: (1) The orientation of the blades, and the 

presence of solid walls, profoundly affected the motion patterns of particles in the 

elemental geometry. (2) Backward-oriented blades created visible convective recirculation, 
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characterized by convective backward flux in the axial direction. These blades also clearly 

enhanced the mixing rate, reinforcing previous observations regarding the achievement of 

more efficient mixing in spatially periodic continuous mixers with alternate blade 

configurations. (3) The effect of solid walls at the axial ends of the elemental geometry 

significantly enhanced mixing performance, indicating that an experimentally realizable 

batch mixer with an elemental geometry, albeit convenient, would not be a representative 

system in which to study cross-sectional mixing processes for a continuous system. (4) For 

this case study, where all blades were placed at the same axial position, significant fill level 

gradients in the axial direction were observed, in agreement with simulations (and 

experiments) of spatially periodic continuous mixers 

These effects were further studied in the second case study, which examined systems with 

three blades at each axial position, and where pairs of blades in mirror-symmetric 

configurations were used to approximate the effect of solid walls. Once again, motion 

patterns readily revealed the effect of blade patterns on the intensity of recirculation. 

Moreover, differences in mixing performance, while still present, were significantly less 

intense than for the first case study, and the mixing rate directly correlated to the number of 

symmetric blade pairs along the mixer axis. As in case study 1, since all blades were placed 

at the same discrete positions along the axis, intense fill level gradients were observed.  

In the final case study, blade pairs were no longer placed at the same axial location, instead, 

blades were uniformly distributed along the axis. While flow patterns, once again, showed 

significant differences depending on blade orientation and on the presence of solid walls, 

this case study exhibited both a much more uniform fill level profile in the axial direction 

and a greater similarity in mixing rate among the different geometries. 
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Throughout all the case studies, an additional significant effect was that much faster 

cross-sectional mixing was observed at lower fill levels. This effect is in agreement with 

long-established knowledge in many types of batch mixers that show a slower mixing 

process as fill level increases.  However, for a continuous mixer, a lower fill level also 

implies a shorter residence time, and therefore, slower axial mixing. Thus, in using the 

simulation results presented here for the design of experimentally realizable mixers, one 

should bear in mind two final observations: (1) Due to the presence of solid walls, small 

convective batch mixers will exhibit faster cross-sectional mixing than periodic sections of 

continuous mixers, and (2) continuous mixers also need to achieve effective axial mixing. 

Both observations suggest that small batch mixers could overestimate the mixing rate of 

continuous systems, possibly leading to inadequate design.  These issues will be examined 

further in future communications.  
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Chapter 6  

Strategies on improving blending performance  

In this chapter, the previously developed periodic section modeling is used to determine 

the influence of operating conditions on the performance of continuous blenders. The 

influence on either the local mixing efficiency or the axial motion of the mixture is 

separately considered. To understand the applicability of knowledge from successful 

mixing cases, we focus on (1) a single blending geometry but four different mixing cases, 

and examine in detail the performance similarity among these cases, and (2) multiply 

geometry and operation factors on blending performance. The rest of the paper is 

organized as follows: the simulations of different mixing cases using factorial analysis are 

discussed in Section 6.1. The influence of multiple factors is investigated using the 

Projection of Latent Structure (PLS) and validated experimentally in Section 6.2. The 

summary are presented in 6.3. 

6.1 Optimizing continuous powder blending using factorial analysis 

6.1.1 Simulation and Methodology 

Due to the difficulty involved in experimentally building a cross section with periodic 

boundaries, we use the Discrete Element Method (DEM) as the tool for examining the 

operations and mixing cases of interest. Detailed reviews of the DEM application can be 

found in (Bertrand et al., 2005; Dubey et al., 2011). In this study, the software EDEM® 

from DEM Solutions is used to develop the desired geometries. The particles simulated are 

spheres. The physical and numerical parameters used in this simulation are summarized in 

Table 6.1. The approach has been used in our previous studies (Arratia et al., 2006; Gao et 
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al., 2011a; Portillo et al., 2007), as well as in a number of previous efforts (Sarkar and 

Wassgren, 2010; Zhou et al., 2004) and found to be able to accurately capture the dynamics 

of mixing processes. 

 

Table 6.1 Physical and numerical parameters used in the DEM model. 

Value Parameter 
Case 1 
(Control) 

Case 2 
(Lighter 
particles) 

Case 3 
(Larger 
particles) 

Case 4 
(More 
cohesive 
particles) 

Particle diameter (m) 3×10-3 3×10-3 4×10-3 3×10-3 
Particle density (kg m-3) 1×103 0.2×103 1×103 1×103 
Cohesion coefficient k 
(Jm-3) 
F=kA 
F: Cohesive force 
A: Contact area 

0 0 0 5×105 

 

The cross-sectional element representing a periodic section (PS) was constructed from a 

horizontal cylinder (diameter 80 mm and length 40 mm). Two 40° forward blades (20 mm 

×40 mm) were located opposite to each other at different sites of the shaft (at 10 mm and 30 

mm along the axis of the shaft) (Figure 6.1). This PS elementary geometry was tested in 

previous chapters (Gao et al., 2011a), and was found that lead to more homogenous axial 

fill level distribution and fewer dead spots. In this chapter, it is used to simulate the ideally 

cross-sectional mixing in an “all forward” continuous mixer with the same fill level and 

flow rate. 
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Figure 6.1 Simulated periodic section geometry.  

(a) Isometric view of the section. (b) Side view of the section with dimensions displayed. 

 

In order to illustrate similarity among different mixing cases, four kinds of particles 

different in diameter, density and cohesiveness were used in the simulation (Table 6.1). For 

simplicity, mixing is performed only using the same kind of particles with different colors, 

so only non-segregating mixtures are involved in our current study. As shown in Table 1, 

the first case is considered as the control case, and the other three cases are different based 

on one particle property. For each of the four cases, three fill levels (25%, 50%, 75%) and 

four blade speeds (40, 100, 180 and 250 RPM) were simulated, thus a total number of 12 

sample points are considered.  

Equation (4-8) indicates the two key indices kb and vx for continuous powder mixing 

processes. It was proposed and validated in Chapter 4, where up to 4500 particles per 

periodic section were simulated. To determine the impact of the number of particles on the 

validity of this relationship, simulations with a larger number of particles are performed for 

the same geometry as in the original paper. The geometry is similar to that in our current 

study, except for the location of the two blades. Eight sections of the same geometry are 

linearly connected to simulate the corresponding continuous blender. The new particles are 
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2 mm in diameter, which are 1.5 times smaller than the original ones. As a result, 7560 

particles per periodic section are simulated representing a 25% fill level, and the 

corresponding feed rate in the continuous blender is set as 11440 particles per second for 

each component. A sampling size of 110 particles was used in the RSD calculations and the 

results are plotted in Figure 2. While the fitted value of kb is 1.71 s-1, and RSDSS is 0.0930 

under the sampling size of 110 particles, the mean axial velocity vx is 121 mm/s for both 

simulations, leading to the predicted value of kb as 0.0141 mm-1. Figure 6.2b indicates the 

validity the model when more particles are simulated. It should be noted that the prediction 

was performed only in the first six sections (0 -240 mm) as fill level decreases dramatically 

in the last two sections due to discharge effects.  

 

Figure 6.2 Validation of periodic section modeling with more particles.  

(a) Batch-like RSD decay data in periodic section. Dot line is the fitted curve. (b) RSD 

decay data in the corresponding continuous blender. Solid line is the predicted decay curve 

through the calculation of kc. 

 

6.1.2 Factorial analysis results 
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Figure 6.3 The control case: simulated, fitted, and normalized RTD and RSD-t curves for 

different operating conditions. 

 

Figure 6.3 summarizes the RTD and RSD-t curves of the control case. Using the data 

derived from the particle-trajectory method and the cube-sample method, vx and kb are 

determined using the least squares method. As shown in recent studies from our group 

(Portillo et al., 2010; Vanarase and Muzzio, 2011), the mean residence time of continuous 

blending is approximately anti-proportional to rotary speed of blades. Meanwhile, earlier 

studies on batch blending (Brone et al., 1998; Brone and Muzzio, 2000) reveal the 
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proportionality between batch mixing rate and rotation rate of blenders, indicating that a 

similar relationship should exist between the mixing rate and blade speed in the periodic 

section blending. To normalize the effects of blade speed on mixing and axial velocity, 

RTD and RSD-t curves are replotted versus revolution (Figure 6.3, the second and fourth 

columns), instead of versus time (Figure 6.3, the first and third columns). Results are 

compared for different blade speeds and fill levels. In the normalized plots, mean residence 

time and mixing process are independent of blade rotary speed, while both mixing and 

axial delivery of particles are a little bit faster at low fill levels. The corresponding mean 

axial velocity and mixing rate, normalized over rotary speed, are calculated as: 

' /x xv v ω=           6-1 

' /b bk k ω=           6-2 

where ω is the blade speed measured as revolution per second. Notice that kb’ measures 

mixing rate as RSD decay per revolution, and vx’ measures axial velocity as millimeters per 

revolution. The influence of operating conditions on both indices for different mixing cases 

is analyzed as follows. 

Based on the above results, the influence of fill level and rotary speed on the normalized 

mean axial velocity is plotted in Figure 6.4. It is noticed that the axial displacement during 

each blade revolution increases with increasing rotary speed and decreasing fill level. 

While the first three cases depict similar contour profiles, the more cohesive particle case is 

found to be slightly different. Due to the cohesiveness in this case, the maximal value of 

vx’ is not as large as in other cases, while the minimal value is found at a moderately low 

blade speed (100 RPM) and large fill level (50% -75%). However, the overall trend in this 

case is similar to the other three cases, thus is not affected by the different particle 
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properties. Results are compared with axial velocity data provided by Sarkar and Wassgren 

(2009), where flow and dispersion of particles were investigated in periodic slices with 

similar geometry. Although scales of geometry, particle properties, and operations are 

much different in their work, similar trends for the normalized axial velocity were 

observed. 

 

Figure 6.4 Contours of normalized mean axial velocity vx’ in the design space of 

operation.  

(a) Control case. (b) Lighter particle case. (c) Larger particle case. (d) More cohesive 

particle case. Unit: mm/revolution. 

 

Figure 6.5 plots contour of the normalized mixing rate kb’ in a periodic section for each 

blending case. In the interest of clarity, we mainly focus on the region where large value of 
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kb’ are observed. Similar to the analysis of vx’, more efficient local mixing is found with 

greater rotary speeds and lower fill levels for all four cases. For the first three cases (Figure 

6.5a-c), since bulk material tends to rotate with blades as one whole piece when blade 

speed is high, rapid blade rotation and high fill level lead to slow local mixing. However, 

slow mixing is also found at low blade speed and high fill for the more cohesive particle 

case (Figure 6.5d), indicating a significant effect of cohesion in that condition. 

 

Figure 6.5 Contours of normalized PS mixing rate kb’ in the design space of operation.  

(a) Control case. (b) Lighter particle case. (c) Larger particle case. (d) More cohesive 

particle case. Unit: revolution-1. 

 

As Figures 6.4 and 6.5 indicate, while an efficient local mixing rate is observed at high 

blade speed and low fill level, large axial velocity is also observed. Thus, to achieve the 
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optimal mixing performance we have to balance those competing trends. As Figure 6.6 

shows, large values of kc, representing efficient continuous mixing performance, are found 

at high rotary speed and low fill level for all blending cases. Since this optimal condition is 

the same as in the contours of kb, it indicates the dominant role of local mixing rate in its 

competition with axial velocity on determining the continuous blending performance. 

Figure 6 also leads to an interesting point: despite of various local mixing rates and axial 

velocities, the optimal operating condition is the same for all mixing cases. Thus, when 

operating conditions are optimized and lead to one successful continuous mixing process, 

it is possible to apply this optimized condition to new mixing cases, when the same mixer 

is used.  

 

Figure 6.6 Contours of continuous blending rate kc in the design space of operation.  
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(a) Control case. (b) Lighter particle case. (c) Larger particle case. (d) More cohesive 

particle case. Unit: mm-1. 

 

6.1.3 Improvement of mixing performance 

As indicated above, increase of blade speed leads to an increase of both the local mixing 

efficiency kb and the axial velocity vx. Following the strategy of altering the blade speed, 

although an optimal operation can be found to maximize the continuous blending rate kc, 

there is a significant trade-off between the fast axial motion and the fast local mixing in the 

optimal operating condition. In other words, the increase of axial velocity along with the 

ascending blade speed is not preferred in optimizing the continuous blending performance. 

If we can keep the axial velocity constant through the increase of blade speed, while the 

increase of the local mixing rate through the same process is not affected, the trade-off 

effect between the two indices can be eliminated, and the continuous blending performance 

can be further improved.  

 

Figure 6.7 Effect of (a) rotary speed, (b) blade angle, and (c) weir height on the mean axial 

velocity vx, the control case. 
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To test the proposed approach for improving the mixing performance, the 25% fill 

simulations of four blade speeds (40, 100, 180, and 250 RPM) were used as control cases. 

To counterbalance the increase of axial velocity through the increase of blade speed, we 

need operations that can decrease the axial forward flux. Our previous study (Gao et al., 

2011a) shows the effect of blade angle: axial velocity decreases with decreasing blade 

angle. Another study (Vanarase and Muzzio, 2011) also indicates the effect of weir at the 

discharge on hindering axial flow, which leads to a decrease of axial velocity. Based on 

these studies, two strategies are proposed to improve the continuous blending performance: 

(1) decreasing blade angle while increasing blade speed; (2) increasing weir height at the 

end of the PS while increasing blade speed. The key to both strategies is to keep the axial 

velocity constant through the increase of blade speed. For this purpose, additional 

simulations were performed. Based on the case of 25% fill, 180 RPM simulation, the effect 

of blade angle and weir height on the axial velocity were simulated, as plotted in Figure 6.7. 

The corresponding fitted curves of these effects, as well as the effect of blade speed on 

axial velocity, are determined. To find the corresponding blade angle and weir height that 

keeps the axial velocity constant while increasing the blade speed, we assume the effects of 

blade angle, blade speed and weir height on the axial velocity are independent from each 

other and can be described as follows: 

1 2 3( , , ) ( ) ( ) ( )ω θ η ω θ η=xv f f f         6-3 

where ω is the rotary speed measured as RPM, θ is the blade angle and η=h/d the weir 

height ratio (h the height of the weir and d the diameter of the cylindrical mixing space). 
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Applying equation (13), the value of vx (180RPM, 40°, 0)=121.5 mm/s, and the fitted 

equations from Figure 6.7, we get the following relationships: 

4 21( , , 0) (9 0.5 )sin 2.25
121.5

ω θ η ω ω θ−= = +xv E      6-4 

4 2 21( , 40 , ) (9 0.5 )(48 191.9 121.5)
121.5

ω θ η ω ω η η−= = + − +xv E    6-5 

 

Figure 6.8 Performance improvement strategy 1.  

Simulations are compared in (a) design of blade angle, (b) axial velocity, (c) local mixing 

rate in PS, and (d) continuous mixing rate. 

 

Since the value of vx (40RPM, 40°, 0)=21.7 mm/s is used as the initial value of axial 

velocity, the same value should be kept constant as the blade speed increases. Using 
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equations (6-4) and (6-5), the corresponding blade angle and weir height are calculated. As 

a result, blade angles 10°, 5°, and 3° are considered for the blade speeds of 100, 180, and 

250 RPM, respectively in the first performance improvement strategy; and weir height 

ratios 0.455, 0.615 and 0.67 are considered for the corresponding blade speeds in the 

second strategy. The six new designs with altered blade angle or weir height were 

simulated, and the values of kb, vx, and kc were then calculated and compared with the 

control group.  

 

Figure 6.9 Performance improvement strategy 2.  

Simulations are compared in (a) design of weir height ratio, (b) axial velocity, (c) local 

mixing rate in PS, and (d) continuous mixing rate. 
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Results of both strategies are summarized in Figures 6.8 and 6.9, respectively. As shown in 

the figures, kb in the improved cases are almost the same as in the control group in strategy 

1 (Figure 6.8c), and is a little bit larger in strategy 2 (Figure 6.9c), which is due to the 

backward flux introduced by the weir. However, the improved designs lead to a constant 

value of axial velocity for both strategies (Figure 6.8b, 6.9b), which result in dramatic 

improvements of the continuous blending performance. As a result, the continuous 

blending rate kc increases by five fold in strategy 1 (Figure 6.8d) and nine fold in strategy 2 

(Figure 6.9d), which indicates that the necessary sections in the corresponding continuous 

blending systems can be significantly reduced. Once again, these performance 

improvement results demonstrate the applicability of the periodic section modeling in 

understanding the continuous blending performance at various operating conditions and 

design specifications. 

6.2 Application of PLS and experimental validation 

6.2.1 Discrete Element Method (DEM) 

 

Figure 6.10 Geometry of the periodic section.  

(a) Isometric view. (b) Side view. g, gravity. d, diameter. SAngle, shaft angle. BWidth, 

blade width. BAngle, blade angle. WHeight, weir height.  
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A periodic section geometry similar to Figure 6.1 is constructed with variable parameters 

(Figure 6.10). It simulates the ideally cross-sectional blending in an “all forward” 

continuous blender. To understand the effects of operations and geometry on the blending 

performance, six factors are investigated: rotary speed, fill level, shaft angle, blade angle, 

blade width, and weir height (Figure 6.10b). Here the shaft angle indicates the upward or 

downward direction of the blender (Portillo et al., 2008b); the weir height is designed to 

control holdup inside the section (Vanarase and Muzzio, 2011). The range of each factor is 

set following the range applied in previous factorial studies and listed in Table 6.2. 

 

Table 6.2 Range of operation and geometry factors in this paper. 

Design parameters Lower bound Upper bound 
Blade speed (RPM) 40 250 
Blade angle (˚) 10 40 
Blade width (mm) 10 40 
Weir height ratio hw/d (-) 0% 75% 
Fill level (-) 25% 75% 
Shaft angle (˚) -30 (upward shaft) 30 (downward shaft) 
 

6.2.2 Projection to Latent Structure (PLS) regression 

The theory of Projection to Latent Structure (PLS) is widely applied to understand the 

behavior of complicated systems characterized by a large number of variables. It is a 

generalization of the Multiple Linear Regression, where data that are strongly collinear and 

noisy can be analyzed. In brief, PLS regression is a method to relate two data matrices, X 

and Y, the predictor variables and the response variables, while the principle components 

in each data matrix are also summarized. Two sets of weights denoted w and c are created 

in order to achieve linear combination of the columns of X and Y so that their linear 

transformations of variables have maximal covariance (Reiss et al., 2010). Mathematically, 
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the goal is to obtain a pair of vectors w and c that satisfy the following optimization 

problem: 

 and t Xw u Yc= =          6-6 

, 
max

. 1,  1

T

w c

T T

t u

st w w t t= =          6-7 

The optimized vector pair w and c are called loading scores of the investigated system. The 

relationship between loading scores in each principle component indicates the influence of 

predictor variables on response variables (Abdi, 2010). The advantage of the PLS 

regression is that less samples are needed compared to the factorial analysis. For the 

six-factor system analyzed in this paper, only 64 samples are required to cover the 

operation and geometry design space, while the same number of samples cover only the 

upper and lower bounds in a factorial analysis. The Latin-hypercube sampling is applied to 

achieve homogeneous distributed samples in the six-dimensional design space, in which 

each sample is the only sample in each axis-aligned hyper-plane containing it. This avoids 

bias of sample distribution that may influence the PLS analysis result.  

For each operation and geometry condition, red and blue particles are loaded side-by-side 

at the desired fill level in the periodic section. Blending is then simulated for 10 seconds. 

When the simulation is finished, cubes with a side length of 10 mm were considered in the 

section. All samples in each interval of 0.5s of the simulation process were considered as 

the samples at the same time point. The number of particles that can be randomly packed 

within the sampling sizes of 0.75cm3 (around 35 particles) is used as the sample size. After 

enough samples are retrieved, the RSD decay rate kb and the mean axial velocity vx are 
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calculated. When information of the key indices (kb and vx) is ready for all simulations, 

PLS analysis is performed.  

6.2.3 Experimental validation 

 

Figure 6.11 Experimental setup. 

 

The setup of the experimental validation is shown in Figure 6.11, similar to the system 

used in our previous studies (Portillo et al., 2008b, 2009). A commercial continuous 

blender manufactured by GEA Pharmaceutical Systems is integrated with a twin-screw 

Loss-In-Weight excipient feeder provided by K-Tron and an ERIEZ vibratory Active 

Pharmaceutical Ingredient (API) feeder. The cylindrical blending space is 24 cm long with 
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inner diameter 7 cm. The shaft of the blender is attached by 24 flat triangular blades with 

the blade angle 37˚ forward. The blade speed and the shaft angle of the blender can be 

adjusted between [0,300] RPM and [-20, 20]°, respectively. The K-Tron feeder is for 

lactose feeding, in which feed rate and feeder hold-up are monitored. Lactose 310 provided 

by Foremost with the bulk density 0.66g/ml is used, and the feed rate is set to 10.23g/s. 

Acetaminophen pre-blended with 5% (wt) silicon dioxide is used as the API, fed at 0.31g/s. 

An API concentration of 3% (wt) is expected at the output of the mixer.  

 

Figure 6.12 NIR spectroscopy method.  

(a) Full scale calibration spectra in the range 4780 - 4580 cm-1. (b) Calibration result. 

 

Based on our previous study (Gao et al., 2011c), variance from feeder noise were 

significantly smaller (around ten folds) than the cross-sectional blending component, thus 

is not considered in the following blending performance analysis. The hold up in the 
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blender is calculated as the total mass in both feeders before blending begins minus the sum 

of the powder remaining in the feeders and at the output when steady state is reached. 

For each operating condition, ten vials of output samples are collected when steady state is 

reached. Each vial contains approximate 1.5 cm3 material. The API concentration in each 

vial is determined by using NIR spectroscopy method (Gao et al., 2011c; Vanarase et al., 

2010). Lactose samples mixed with 0, 1, 3, 5, 7% (wt) pre-blended acetaminophen is 

prepared for calibration. A Nicolet Antaris NIR spectrometer provided by Thermo Fisher is 

used to acquire the absorbance spectra between the range 4000 cm-1 to 10000 cm-1 wave 

numbers. Each calibration sample is scanned for four times with re-shake between adjacent 

scans. Spectral data is collected using the software Omnic, and TQ Analyst is used to 

develop the calibration model. Full scale absorbance between 4780 - 4580 cm-1 is used for 

the spectral regression, and the software selects the range 4744.03 - 4705.46 cm-1 for the 

calibration model (Figure 6.12a). The root mean square error of calibration (RMSEC) is 

0.0028, indicating good fitting of the spectral data (Figure 6.12b). With this NIR method, 

API concentration of the experimental samples can be determined, which are further 

applied for the RSD calculation. 

6.2.4 PLS regression results 

 

Figure 6.13 R2 and Q2 indices of the PLS regression from 1 to 3 principle components. 
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When the 64 simulations are complete, the achieved key indices kb and vx are normalized 

and used as the two-dimensional response variable matrix. PLS regression results of the 64 

periodic section blending simulations are shown in Figures 6.13 -6.16. The linear model of 

PLS regression suggests two significant principle components (PCs) explaining 72% of the 

response variance (R2=0.724, Q2=0.678). Here 

2

2

1

1

RSSR
TSS
PRESSQ

TSS

= −

= −
         6-8 

 

Figure 6.14 The PLS weights w and c for the two components model. 

 

In equation (6-8) RSS is the residual sum square of X and Y space after the regression, TSS 

the total sum square of X and Y space, and PRESS the predicted residual sum square of X 
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and Y space by cross-validation. Therefore, R2 represents the variability fraction of the 

predictor and response variables that is captured by the regression model; Q2 is an index of 

the model’s robustness. Since the value of Q2 is close to R2, the 72% variance captured in 

both matrices is systematic, and the model is robust to describe the structure of the design 

space. Both R2 and Q2 do not change when assuming more than two principle components, 

indicating that two components are enough to describe the system. 

For the interpretation of the two-component PLS regression results, the standard way is to 

plot the loading scores w and c of one principle component against the other. It indicates 

how the predictor variables influence different response variables. The variables important 

in the ith component fall far from the origin along the ith axis in the w-c plot. The w-c plot is 

shown in Figure 6.14. The first PLS component is dominated by shaft angle and blade 

speed on the negative side, and weir height, blade width on the positive side. The second 

one is captured by blade speed and weir height on the positive side, followed by shaft angle 

and blade width on the negative side. The c values of the responses (kb and vx) are 

proportional to the linear variation of the response space explained by R2. The first 

component describes the mean axial velocity vx which sits far to the left in the third 

quadrant of the plot. For the second one, the local blending rate kb is the main response 

variable, which is far upward in the second quadrant. 

The significance of one predictor (operation or geometry factor) for the response is 

proportional to its distance form the origin in the loading score plot (Figure 6.15). 

Jack-knifing method is used to draw error bar of the loading score (Lopes and Menezes, 

2005; Wold et al., 2001). The first principle component (PC1) indicates that the increase of 

shaft angle and blade speed, or the decrease of weir height can significantly enhance axial 
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forward flux. PC2 shows that the increase of blade speed or the decrease of shaft angle and 

blade width leads to more efficient local blending than adjusting other factors. These 

results agree well with conclusions from previous factorial analysis studies (Gao et al., 

2011a; Pernenkil and Cooney, 2006).  

 

Figure 6.15 PLS regression loading scores. The bars indicate 95% confidence intervals 

based on jack-knifing. 

 

A summary of the importance of the predictor variables for both the predictors and the 

responses is given by VIP (Variable Importance for the Projection). It is a weighted sum of 

square of the PLS loading scores, with the weights calculated from the response variance 

according to each PC: 
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where N is the total number of principle components, and K is the total number of predictor 

variables. SSYi is the sum of square of the response space after component i, and wik the 

loading score of variable k in the ith component. This index indicates the significance of the 

predictors on the responses.  

 

Figure 6.16 VIP of the predictor variables of the two-components PLS regression model. 

 

The VIP plot in Figure 6.16 shows that shaft angle and blade speed are the most influential 

factors on blending performance in this comprehensive investigation; blade angle is the 

least important comparing to other factors. Based on the PLS regression results and the 

conclusions from previous periodic section modeling study (Gao et al., 2012), the most 

efficient strategy to improve blending performance is to increase blade speed and to 

decrease shaft angle simultaneously. In this case, hold up and mean axial velocity is kept 

constant, while the continuous blending rate is only proportional to the increase of blade 

speed. To investigate this, experimental validation is performed. 

6.2.5 Experimental validation 
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In order to validate the improvement strategy proposed from PLS regression results, 

blending experiments are performed using pharmaceutical powders. Blender hold up in 

steady state is measured orthogonally at four blade speeds (40, 100, 180, 250RPM) and 

four shaft angles (0, -4, -8, -12˚). The hold up contour at these conditions is shown in 

Figure 8a. By following the light blue contour line in this subplot, a constant hold up of 

0.32kg is retrieved through the increase of blade speed. Based on this, two sets of blending 

experiments are designed (Figure 6.17b). In the original set, blender is kept horizontal 

while blade speed increases from 40, 80, 120, to 160RPM. In the improved set, the shaft 

angle is set as 0, -3.77, -6.99, and -11.31˚ for the corresponding blade speed 40, 80, 120, 

160RPM, respectively, in order to keep a constant hold up at 0.32kg.  

 

Figure 6.17 Summary of the experimental results.  

(a) Hold-up contour in the blender. (b) Design of performance improvement. (c) Hold-up 

of original and improved sets. (d) Blending performance of original and improved sets. 
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Blending performance of both experimental sets are measured and compared to show the 

efficiency of the proposed strategy. As Figure 6.17c shows, hold up of the original set 

decreases along the ascending blade speed, which leads to shorter residence time and thus 

worse blending performance at large blade speed (Figure 6.17d). A similar profile has been 

reported in our previous study (Vanarase and Muzzio, 2011). On the other hand, significant 

performance improvement is observed at high blade speed in the improved set due to a 

constant mean residence time. In this case, the number of blade passes that powder 

experiences is simply proportional to the ascending blade speed. As expected, the RSD 

decay curve is similar to batch systems, showing exponential decay profile against the 

blade speed.  

6.3 Summary 

This chapter investigates the effect of operating conditions on two important parameters of 

continuous blending: local mixing rate kb and axial velocity vx of powders. Factorial 

analysis shows that, at high rotary speed and low fill level, particles move faster and reside 

for a shorter time inside the mixer. Faster local mixing is observed in the same range of 

operations. This competition between kb and vx leads to a trade-off on the overall 

continuous blending performance even under the best operating conditions. Moreover, the 

same optimal operating conditions are observed for different mixing cases, indicating that 

these optimal conditions might be universal and could be applied in other cases using the 

same mixer. The Projection to Latent Structure (PLS) regression analysis is further 

introduced to clarify the complicate influence of various operation and geometry factors on 

blending performance. Regression results show that shaft angle and blade speed are the 
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most influential factors. Blade geometry and fill level show less impact in the investigated 

range of factors. Based on these results, novel strategies are proposed as follows to 

improve continuous blending performance. The key is to keep axial velocity constant when 

increasing the blade speed. This guarantees the variance decay rate along the mixing axis is 

proportional to the blade speed in continuous blending systems. To achieve this goal, blade 

angle or weir height was altered along with the ascending blade speed in the factorial 

analysis. Based on conclusions from the PLS regression, simultaneously changing shaft 

angle and blade speed, which conveniently increases blending rate while keeps axial 

velocity constant, is the most efficient strategy suggested for performance improvement. 

Significant improvements on blending performance were observed in both simulations and 

experimental validations using pharmaceutical powder. In sum, this work clarifies the 

significance of various operation and geometry factors in the performance improvement of 

continuous powder blending unit operation, and provides an efficient guidance on blender 

design and operation control in practice. 

Once more, it should be emphasized that all simulation cases in this chapter are 

non-segregating. For segregating powders, the optimal operation does not only depend on 

how fast mixing reaches steady state, but also on whether the steady state mixture can be 

characterized as “well mixed”. Therefore, before designing continuous mixing system for 

specific segregating case, batch mixing using a geometry and operation similar to one 

periodic section of the corresponding continuous blender is recommended (Gao et al., 

2011a). If segregation is observed and leads to failure of mixing in the preliminary batch 

case, it needs to be handled by altering operating conditions before the corresponding 

continuous process is applied. As a result, previous studies on batch segregation such as 
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Moakher et al. (2000) and Alexander et al. (2004) can facilitate this study, and should be 

considered in further investigations on continuous blending of segregating materials.  
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Chapter 7   

Scale-up of continuous powder blending 

In this chapter, the theoretical basis of scaling up continuous powder blending is 

established. Firstly, variance spectrum analysis is introduced to illustrate the influence of 

sampling size on the relationship between flow pattern similarity and mixing performance 

similarity, which provides a theoretical means to analyze the scale-up of batch mixing 

processes and the scale-up of the cross-sectional mixing in continuous mixing processes. 

Secondly, the periodic section modeling proposed in the previous chapter (Gao et al., 2012) 

is applied to characterize the cross-sectional blending component, which is considered as 

the combination of a batch-like blending process and the axial motion of the powder along 

the continuous mixer. The rest of the chapter is organized as follows. Current limitations 

on scale-up is discussed in Section 7.1. In Sections 7.2 and 7.3, the variance spectrum,and 

the simulation designs are introduced. Two methodologies to determine the variance 

spectrum, the Fourier series and the Lomb Scargle Periodogram, are described. Conceptual 

simulations with typical mixing cases of non-segregating and cohesive segregating 

particles are then performed in Section 7.4 to show the applicability of the developed 

scale-up strategy, followed by the conclusion in Section 7.5. 

7.1 Current limitations 

Previous work in the area of powder blending scale-up is based on the principle of 

similarity proposed by Johnstone and Thring (1957). According to this principle, the 

material flow patterns in two scales of mixing apparatuses are expected to be similar when 

the dimensions, velocity fields, and force distributions of corresponding points are 
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proportional to each other. Generally, dimensional analysis is applied to identify these 

similarity criteria if the process governing equations are unknown, while dimensionless 

forms are derived if the governing equations are available. Applying this principle, Wang 

and Fan (1974) investigated the scaling up of tumbling mixers. Their results indicate that 

the ratio of centrifugal force to the gravitational force, or the Froude number, can be used 

as the main similarity criterion for the scale-up of a tumbling mixer. Based on 

hydrodynamic similarity, Horio et al. (1986) developed a scale-up rule for fluidized beds 

when the similarities in bubble coalescence, bubble splitting, and interstitial flow pattern 

are satisfied. Surface velocity profiles in rotating cylinders were found to follow simple 

scaling rules through the normalization of a one-dimensional motion equation with 

constant acceleration (Alexander and Muzzio, 2005; Alexander et al., 2002).  

Of the few studies concerning the scaling up of continuous powder mixing processes, most 

efforts are spent on the characterization of the axial mixing component, namely, scaling up 

of the RTD (residence time distribution). Based on dimensional analysis similar to the one 

used in batch mode studies, Abouzeid et al. (1980) applied the characteristic time (the ratio 

of dimensionless hold up and feed rate) as the main scale-up criterion for the RTD of 

materials flowing in rotating drums. The dimensionless variance of the RTD, which is 

defined as the second moment of the RTD function (Nauman, 2008), was approximately 

calculated as a function of Peclet number using the Fokker-Planck dispersion model 

(Risken, 1996). Similar analysis was performed in the polymer processing of a continuous 

twin-screw extruder (Meijer and Elemans, 1988), on which the scale-up issues of geometry, 

heat transfer, and power consumption were discussed. A more complex scaling 

relationship for rotating drums was developed for particles without considering cohesion 
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and only for cases where the effect of interstitial fluid is negligible (Ding et al., 2001). In 

this study, parameters and variables were normalized using governing equations based on 

the Eulerian approach, which assumes that the properties of the granular materials are a 

continuous function of position (Johnson and Jackson, 1987; Savage and Hutter, 1989). 

Despite the achievements described above, there are still two unresolved issues for 

developing a quantitative scale-up strategy for continuous powder mixing processes. 

Firstly, although it is generally believed that similar mixing performances can be achieved 

in geometries of different scales when the principle of similarity is satisfied, theoretical 

validation is not available yet. There is no doubt that we can get similar mixing when the 

scale of mixing measurement, or the sampling size, is proportional to the scale of mixer 

geometry. However, the key difficulty is that in most cases the sampling size applied for 

mixing of different geometry scales is constant, as the size of samples is predetermined by 

the size of the tablets, which is the final product of pharmaceutical manufacturing process. 

This constant-sample effect on measuring the mixing performance is rarely considered in 

previous scale-up studies. Secondly, few investigations focus on continuous powder 

mixing compared to the well-studied batch mixing process. While it is well-known that the 

continuous powder mixing process is a combination of axial and cross-sectional mixing 

(Williams, 1976), quantitative modeling for both mixing components, especially for the 

cross-sectional mixing, has not been well established. Thus, development of quantitative 

scale-up strategies is difficult for the same process. We will discuss these issues in detail in 

this chapter. 

7.2 Variance spectrum analysis 

7.2.1 Fourier analysis 
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Variance spectrum is defined as the distribution of variance components in different 

frequency domains, which can be obtained through the application of Fourier transform. 

Shin and Fan (1978) used the application of discrete Fourier transform (DFT) to investigate 

the characterization of random and ordered powder mixtures. While the amplitude of the 

spectrum indicates the intensity of segregation at different frequency domains, the location 

of the maximum spectrum component illustrates the scale of segregation intuitively (Poux 

et al., 1991; Weineköter and Reh, 1995).  

One-dimensional discrete Fourier series method has been discussed in Chapter 2. The 

corresponding variance value σ2(fs) is calculated as the integration of the spectrum from 

zero to half of the sampling frequency: 

∫=
2/

0

22 )(
2
1)( sf

s dffsfσ         7-1 

The variance spectrum is only determined by the structure of the mixture, while the 

measured value of variance depends on the sampling frequency. Therefore, it can be 

expected that: (i) mixtures with similar structures but different scales will share similar 

variance spectra; (ii) mixing processes of different scales will share similar amounts of 

decay within the variance spectra when the principle of similarity is satisfied; and (iii) 

before the interaction of sampling frequency and variance spectrum decay is clarified, we 

cannot claim that similar flow patterns always lead to similar variance decay when a 

constant sampling size is used. Thus, the constant-sample effect of scaling up needs further 

investigation. 

By using the one-dimensional discrete Fourier transform (1D-DFT), Shin and Fan (1978) 

theoretically confirmed the linear relationship between the decay of the spectrum and the 

variance  for mixing processes obeying the Fickian diffusion equation. However, this 
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1D-DFT is not applicable in the study of practical powder mixing processes due to the 

following reasons. First, almost all industrial processes of powder mixing are 

three-dimensional, which cannot be characterized by one-dimensional Fourier analysis. 

Secondly, the definition of Fourier analysis requires evenly distributed samples with equal 

sampling sizes in a cube-shape space. This is usually not satisfied in practice, since most 

powder mixing spaces are not cube-shaped, and the rotating motions of blades (convective 

mixers) or mixing apparatuses (tumbling mixers) hinders the formation of evenly 

distributed samples through mixing processes.  

To overcome the first problem, the three-dimensional discrete Fourier transform (3D-DFT) 

is introduced (Averbuch and Shkolnisky, 2003): 

∑∑∑
−

=

−

=

−

=

++−
=+=

1

0

1

0

1

0

)(2

,,3,,,,,,
2 N

l

N

m

N

n

knjmhl
N

i

nmlkjhkjhkjh ex
N

ibaX
π

    7-2 

3

2

,,22
321

2 ),,(),,()(
f

X
fkfjfhsfffss kjh

Δ
=ΔΔΔ==f      7-3 

where l, m, n are the index of evenly sampled points within the three dimensions of the 

space domain, and h, j, k are the index of frequency components in the corresponding 

dimensions of the spatial-frequency domain. The overall variance measured at the 

sampling frequency fs
3 (the corresponding sampling size is 1/fs

3 in unit of volume) can be 

expressed as 
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where ],0[,, 321 fNfff Δ∈ , and the limit 3fs/2 is applied to eliminate the effect of aliasing 

(Gao et al., 2012). As indicated in equations (7-4), the 3D variance spectrum 2)(fs  itself is 
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a three-dimensional function. This makes it difficult to visualize the four-dimensional 

profile 2),( ts f  in the mixing process when we try to capture the spectrum decay as a 

function of time. Therefore, it is necessary to convert the 3D variance spectrum to a 1D 

spectrum by averaging the spectrum components with the same magnitude of frequency. In 

this work, the variance spectrum values 2)(fs  following equation (7-5) are considered to 

share the same magnitude of frequency f: 

ffff 3321 =++          7-5 

The conversion of the variance spectrum is then expressed as follows: 
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where w(f) is the weight of the averaged 1D variance spectrum s(f)2; dS indicates the 

infinitesimal area on the plane indicated by equation (7-5) in the averaging process. By 

using equation (7-6), the variance spectrum decay s(f,t)2 can be visualized in a contour plot.  

The second issue regarding the application of a Fourier transform is that the particles are 

not evenly distributed. To overcome this problem, the Lomb-Scargle Periodogram is 

introduced in the following subsection. 

7.2.2 Lomb-Scargle Periodogram (LSP)  

To characterize stellar cycles where the observation points are usually unevenly spaced, 

Lomb-Scargle Periodogram was first proposed in the analysis of astronomical data in order 

to detect periodic signals hidden in noise (Gilliland and Baliunas, 1987). The 

Lomb-Scargle Periodogram is equivalent to a linear least-square fit of sine and cosine 



 

  

133

functions to the observed signal series, which is an alternative to the Fourier series in 

estimating the profile of variance spectra (Babu and Stoica, 2010). For one-dimensional 

unevenly sampled data (tn xn), where tn indicates the location of sample xn, its linear 

least-square fit of sine and cosine functions can be expressed as follows: 
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Notice that xn is also with mean of zero. To determine the value of E(ω)min for the best 

fitting result, the following relationship should hold:  
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and the difference of the least square fitting is calculated as follows:  
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Note that ( ) /E NωΔ  represents the variance component measured at frequency ω. Based 

on Lomb and Scargle’s derivation (Lomb, 1976; Scargle, 1982), an estimation of the 

variance spectrum s(f)2 can be expressed as follows:  
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where ω=2πf is the angular frequency, and Ω represents the dimension of the variance 

spectrum analysis (Hocke and Kämpfer, 2009). τ is a redundant parameter to simplify the 

formula of the solution. The value of τ is chosen so that 

1
cos ( )sin ( ) 0

N

n n
n

t tω τ ω τ
=

− − =∑        7-14 

Equations (7-8) -(7-14) represents the generation of original formula of the Lomb-Scargle 

Periodogram which is widely used in astronomical research. To apply this concept for the 

analysis of powder mixing, two aspects of the mathematical formula should be modified to 

account for a three-dimensional problem structure and an uneven sampling size 

distribution. To achieve the first modification, all the scalar product ωtn in previous 

equations are replaced by a dot product of two vectors ω·tn, where ω=2πf (ω1, ω2, ω3) is 

the angular form of the three-dimensional spatial frequency, and tn (tn1, tn2, tn3) is the 

three-dimensional location of the nth sample unevenly taken in the three-dimensional 

mixture. The modified equations (7-15) and (7-16) for three-dimensional analysis are then 

expressed as follows: 
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To achieve the second modification, the generalized Lomb-Scargle Periodogram (LSP) 

(Zechmeister and Kürster, 2009) is applied in this chapter, which introduces the weight of 
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samples in the calculation of variance spectrum. Equation (7-9) is thus modified as 

follows:  
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where wn represents the weight of the nth sample of the three-dimensional mixture. When 

unevensampling size distribution is present, which is the case in powder mixing, samples 

with different sampling sizes are assigned different weights. For the samples with the 

desired sampling size, we set wn=1; for the samples with sampling size far away from the 

desired sampling size, we set wn=0. A simple linear weight distribution is used in this study. 

The sample weight increases in a manner proportional to the sampling size until the desired 

sampling size is reached, and then decreases in a similar manner. By introducing the 

sample weight, the 3D formula of LSP are now expressed as follows:  
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which are the final formulas of LSP that are ready for characterizing the variance spectrum 

decay in powder mixing processes. Ω3 represents the dimension of the 3D variance 

spectrum, and Δf the minimum detectable frequency under the current uneven sampling 

condition. 
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As mentioned before, the method of Lomb-Scargle Periodogram is an estimation of the 

variance spectrum for the case where the standard Fourier analysis cannot be applied. 

When fewer samples are retrieved, less information is available in the investigation of the 

mixture structure, which leads to large deviation between the LSP and the real spectrum. 

Previous studies on astronomical fields have investigated the statistical significance of the 

spectrum obtained through the LSP method (Foster, 1995; Roberts, 1987; Stoica et al., 

2009). However, these works are mainly focused on the ability of the method in detecting 

solar cycles, namely, how to distinguish single spectrum peaks from the original intensity 

measurement with a noisy background. As the variance components in most of the 

frequency domains are considered as white noise and are useless information, their role as 

the spectrum distribution of variance is seldom referred. As a result, we only summarize a 

few qualitative conclusions from these works that are useful for our study: 

(i) When the mixture is ideally random, the variance spectrum of the mixture is the same 

everywhere for both the DFT and the LSP method. In this case, the corresponding variance 

measurement is proportional to the integration interval from zero to half of the sampling 

frequency, thus being anti-proportional to the sampling size.  

(ii) When the concentration in the mixture has a sinusoidal distribution, the variance 

spectrum derived through DFT shows a sharp peak at the frequency of the sinusoid curve, 

while its LSP estimation is a smear of the peak at the same frequency. The fewer samples 

that are used in the LSP method, the more smears the peak looks like.  

Examples of these characteristics of the LSP method are discussed within the results in 

later sections. 
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7.3 Methodology 

Periodic section modeling is used in the study of scaling up continuous mixing processes. 

The Discrete Element Method (DEM) is applied as the simulation environment for 

examining the scaling up issue. In order to investigate the effects of different mixing 

behaviors on the scale-up of continuous blending process, three kinds of particles with the 

same diameters and densities were used in the simulations (Table 7.1). In the present study, 

we investigate two case studies: in the first one a mixture consisting of only particles type 1 

having different colors is considered whereas in the second case a mixture of particles type 

2 and 3 are considered.  The first case is representative of a non-segregating mixture, while 

in the second case the two types of cohesive particles (types 2 and 3) will tend to 

agglomerate with only the same type of particles, which results in segregation.  

 

Table 7.1 Physical and numerical parameters used in the DEM model. 

Value Parameter 
Particle 1 Particle 2 Particle 3 

Cohesiveness No-Cohesive 
3

1 0k J m−= ⋅  
Self-cohesive with 
k2 = 8×105 J ⋅m−3  

Self-cohesive with 
k3 = 8×105 J ⋅m−3  

 

The simulation design is shown in Figure 7.1. Two periodic sections with geometries that 

are similar in shape and scale are constructed within the DEM environment, while the 

120mm-scale section has a size that is 1.5 fold larger than the 80mm-scale one in all 

dimensions. Two fill levels (25%, 50%) were investigated for both geometries. In order to 

understand the influence of the initial scale of segregation on the scaling up issue, two 

loading patterns, the half loading and the quarter loading were tested. An overall 50:50 

volumetric ratio of particles was loaded for all the simulations (Table 7.2). The empirical 
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principle of similarity was also considered, which requires a constant Froude number for 

the mixing of different scales. Based on the expression of Froude number Fr=ω2r/g, where 

ω is the angular velocity of blade rotation, r the radius of blade and g the gravity, 220 RPM 

is set as the blade speed for all the 80 mm scale mixing cases, while 180 RPM is set for all 

the 120 mm scale simulations. This leads to a constant Froude number value of 4.35 in both 

mixing scales.  

 

Figure 7.1 Illustration of simulation designs. 
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Table 7.2 The number of initial loading particles for both mixing cases. 

80 mm scale 120 mm scale           Particle number 
 
Fill level 

Blue 
(Type 1 or 2) 

Red 
(Type 1 or 3) 

Blue 
(Type 1 or 2) 

Red 
(Type 1 or 3) 

25% 1120 1120 3780 3780 
50% 2240 2240 7560 7560 
 

The variance spectrum of mixing in the studied periodic sections was calculated as follows. 

Cubes were divided with a side length of 8 or 12 mm for the mixing cases of 80 mm and 

120 mm scales respectively, which leads to a sampling matrix of 5×10×10 for the mixing 

on both scales. For each time point, all the cubes with at least one particle are count as 

samples, and the corresponding location tn, zero-centered concentration xn are recorded and 

calculated in sequence. The reciprocal of the mixing scale Δf=1/scale, the maximum 

detectable frequency ΩΔf, and the weight of sample wn, which is the ratio of the current 

sampling size and the maximum number of particles randomly packed in the same cube 

space, are also calculated. The four-dimensional variance spectra decay s(f, t)2 as a 

function of time can be calculated on the interval [0, ΩΔf] for all three dimensions, where 

Δf is set as the resolution in the frequency domain for this LSP calculation. The 1D formula 

s(f, t)2 of the 3D-LSP profile is then derived, which is shown in the results section. 

To determine the time-dependent batch-like mixing in the periodic section, samples are 

retrieved inside the mixing space. The mixing space is divided into cubes with the side 

length of 10 mm, and all the samples in a time interval of 0.1 sec of the simulation process 

were considered as samples of the same time point. In order to gather enough samples 

(more than 80) for each time point, samples with 21 particles were selected corresponding 

to the number of particles that can be randomly packed within the sampling size of 0.45 

cm3. Notice that this sampling size is comparatively smaller than in practice. Based on the 
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expression of variance σ2, the relative standard deviation (RSD) of blue particles of each 

time point can be calculated. The method of determining the residence time distribution 

(RTD) can be found in previous chapter. 

7.4 Scale-up of continuous blending components 

7.4.1 Cross-sectional blending 

 

Figure 7.2 Variance spectrum decay contours of non-segregating mixing cases.  

The left four plots (a, c, e, g) show the 80 mm scale mixing cases. The right four plots (b, d, 

f, h) show the 120 mm scale mixing cases. 

 

Figure 7.2 refers to the overall variance spectrum decay contours of non-segregating 

mixing cases. The left four graphs show the spectrum decay of the 80 mm scale cases, 
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while the right four show the 120 mm scale cases. The maximum detectable frequency ΩΔf 

of the 80 mm and 120 mm scales are 0.125 mm-1 and 0.083 mm-1, respectively. The limits 

of the vertical axes are then selected as [0, 0.09] mm-1 and [0, 0.06] mm-1 in order to cover 

the main decay characteristics of the two scales. Notice, that a constant Froude number is 

used, which indicates different blade speeds between the two mixing scales. For 

comparison purposes, the mixing processes are measured using revolution of blade 

rotation instead of time. 

An accurate ratio of spectrum amplitude can be expected between the two scales. Since 

mixing on both scales share the same initial variance and similar initial variance spectra, 

we can claim the following equation: 

2 3
1 1 1

2 3
2 2 2

( )
( )

s f scale
s f scale

=          7-20 

where 1 2 2 1/ /f f scale scale= . Based on this formula, the color maps of the contours in 

Figure 7.2 are set with a ratio of (120/80)3/2 =1.84 for the two scales, namely, the color map 

interval [0, 60] for the 80 mm scale and the interval [0, 110] for the 120 mm scale. A level 

step of 6 or 11 is applied for the corresponding color map so that the spectra with different 

amplitudes can be visually compared.  

In order to identify mixing similarity of the two scales, the left four plots in Figure 7.2 are 

compared with the right four plots. Although the initial amplitudes are different, the 

variance spectrum decay processes of the two scales are similar for all fill levels and initial 

loadings. Therefore, we can state that similar flow patterns due to a satisfied principle of 

similarity lead to similar decay processes of variance spectra for the non-segregating 

mixing cases. To further illustrate this observation, we plot the initial spectrum profile (at 

the beginning of the first revolution) and the steady state spectrum (at the end of 18 



 

  

142

revolutions) in Figure 7.3. The vertical and horizontal axis ratios are the same as in Figure 

7.2. As shown in the plots, the initial variance spectra are very similar for mixing on 

different scales. When a steady state is reached, the same horizontal spectra, representing 

ideal random mixtures, is obtained for all plots (dot lines, Figure 7.3).  

 

Figure 7.3 The initial and steady state profiles of variance spectrum of the non-segregating 

mixing cases.  

(a) 80 mm scale at 25% fill. (b) 120 mm scale at 25% fill. (c) 80 mm scale at 50% fill. (b) 

120 mm scale at 50% fill. Half: half loading. Quarter: quarter loading. rev: revolution. 

 

Figures 7.2 and 7.3 also show the effect of loading pattern and fill level on the initial 

variance spectrum. A lower peak for the initial spectrum is found in the quarter loading 

than the half loading patterns, while the frequency of the peak in the quarter loading is 
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twice that of the half loading. This is due to that the weight w(f) of the 1D converted 

variance spectrum s(f) increases with the magnitude of frequency. While a constant overall 

variance is kept for different loadings, a smaller peak is expected when it is in a higher 

frequency domain. When comparing different fill levels, fewer smears occur in the spectra 

with higher fill levels, due to more samples being obtained in that condition. This 

observation corresponds with qualitative conclusion (iii) in the previous section.  

 

Figure 7.4 RSD-t decay curves measure at sampling size of 0.45 cm3, non-segregating 

mixing cases.  

(a) 25% fill, half loading. (b) 50% fill, quarter loading. (c) 50% fill, half loading. (d) 50% 

fill, quarter loading. 
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Figure 7.5 Illustration of the constant-sample effect on the scaling up of powder mixing.  

(a) Sampling size of 0.45 cm3. (b) Sampling size of 3.6 cm3. Different integration coverage 

on the main spectrum decay components produces different RSD-t curves in the case of 3.6 

cm3 sampling size. 

 

An interesting phenomenon is observed in Figure 7.2 when comparing the spectrum decays 

for different loading patterns. For the half loading cases, the decay of the spectrum peak is 

always at the lowest detectable frequency f=Δf, which indicates a decreasing intensity of 

segregation with the scale of segregation unchanged. However, when the loading is the 

quarter pattern, the spectrum peak decays as well as shifts from the second lowest 

frequency domain f=2Δf to the lowest one. Therefore, it can be expected that no matter 
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how the initial variance spectrum appears, the scale of segregation always tends to 

approach the scale of the overall mixing space in the process of mixing. Due to a similar 

mechanism of mixing, the same phenomenon is also expected in tumbling and many other 

mixing processes. 

The RSD-t curves measured at the sampling size 0.45 cm3 are plotted in Figure 7.4. Based 

on the number of particles in each sample, the steady state RSD value of the mixing 

process can be calculated using the binominal theorem (Brone et al., 1998). Specifically, 

the steady state RSD is approximately 0.22 for the sampling size of 0.45 cm3 (21 particles 

per sample). As shown in the plots, mixing is significantly faster in the quarter loading 

pattern, while it is slightly slower when the fill level is increased. However, the RSD decay 

curves almost overlap with each other for the two scales of mixing for all conditions, which 

illustrates good scaling characteristics on mixing performance under current sampling size. 

To clarify the constant-sample effect we described in the introduction, the effect of 

spectrum integration interval on the corresponding RSD decay curve is investigated. The 

half-loading mixing at 25% fill level (Figure 7.2a, b) is applied for this illustration. To 

study the constant-sample effect, the same limits of vertical axis of frequency are plotted 

for both scales ([0, 0.1]). The RSD decay curves measured at a larger sampling size (3.6 

cm3) is also involved besides the 0.45 cm3 cases. The results are shown in Figure 7.5. 

When the sample size of 0.45 cm3 is applied, the integration interval of s(f,t) in the variance 

calculation is [0, 0.065] mm-1. This interval covers all the spectrum decay components for 

the mixing of both scales (Figure 7.5a). As a result, well fitted RSD decay curves are 

observed. In contrast, the integration interval in the variance calculation is [0, 0.032] mm-1 

for the case of 3.6 cm3 sampling size. In this case, the integration interval covers almost all 
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the main decay components for the 120 mm scale mixing, while some components in 

higher frequency domains are missed in the case of the 80 mm scale. This leads to different 

fitted RSD decay curves (Figure 7.5b). Therefore, with the principle of similarity satisfied, 

similar mixing performance can be achieved only when the sampling size is much smaller 

than the scale of both mixing geometries. 

 

Figure 7.6 Variance spectrum decay contours of cohesive segregating mixing cases.  

The left four plots (a, c, e, g) show the 80 mm scale mixing cases. The right four plots (b, d, 

f, h) show the 120 mm scale mixing cases. The same level step of color map is used for all 

contours to show the spectrum profile of segregation when steady state is reached. 
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Figure 7.6 shows the overall variance spectrum decay contours of cohesive segregating 

mixing cases. In order to visualize spectrum profiles of cohesive segregation, the same 

level step value of the color map (6 mm3/2) is used for both scales. As previously, similar 

spectra decays are found when the contour regions at high amplitudes are compared. On 

the other hand, when steady state is reached, segregation can be observed, the intensity of 

which is mainly located in the frequency domain interval between 0.01 and 0.05 mm-1 for 

all mixing cases.  

 

Figure 7.7 The steady state profiles of variance spectrum of the cohesive segregating 

mixing cases.  

(a) 80 mm scale at 25% fill. (b) 120 mm scale at 25% fill. (c) 80 mm scale at 50% fill. (b) 

120 mm scale at 50% fill. Half: half loading. Quarter: quarter loading. rev: revolution. 
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The steady state profiles of variance spectra are plotted in Figure 7.7. The black dot lines 

indicate the horizontal spectrum of an ideal random mixture. Due to the higher spectrum in 

the cohesive cases, variance values larger than the one calculated by binominal theorem 

will be observed. As Figure 7.7 shows, the steady state spectra of cohesive segregation are 

scarcely influenced by fill level, loading pattern or mixing scale. The corresponding 

snapshots of steady state mixture can be seen in Figure 7.8, where agglomerations with the 

same scale are found in all mixing cases.  

 

Figure 7.8 The snapshots of steady state mixture in the cohesive segregating mixing cases.  

(a) 80 mm scale at 25% fill. (b) 80 mm scale at 50% fill. (c) 120 mm scale at 25% fill.  (b) 

120 mm scale at 50% fill. Agglomerations of the same scale are observed for all four cases. 
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Figure 7.9 RSD-t decay curves measure at sampling size of 0.45 cm3, cohesive segregating 

mixing cases.  

(a) 25% fill, half loading. (b) 50% fill, quarter loading. (c) 50% fill, half loading. (d) 50% 

fill, quarter loading. 

 

Similar decays of RSD curves are observed in Figure 7.9 for all cases in despite of some 

insignificant difference between fitted curves. Notice the larger value of RSD around 0.40 

compared to the binominal theorem calculation (0.22) as has been discussed above. In sum, 

the scaled-up mixing cases of cohesive powders are similar to the original mixing cases in 

the current simulation design. 

7.4.2 Axial blending 



 

  

150

The axial blending of the two cases is shown in Figures 7-10. The plots in this figure are 

rescaled using the unit revolution instead of time for comparison purposes. Since the 

residence time distribution does not depend on loading pattern, only the cases of half 

loading are plotted. As illustrated, the RTD in non-segregating cases are similar for both 

fill levels, indicating good scaling up characteristics of non-segregating particles on axial 

mixing and motion. Larger RTDs of cohesive mixing is observed in the 80 mm scale 

mixing, while RTDs in the 120 mm scale mixing cases are similar to those in the 

non-segregating cases. Therefore, the effect of cohesion on the axial motion of particles is 

significant only when the scale of mixing space is small, under which condition the 

cohesive particles move much slower than the non-segregating particles. While the mean 

residence time is slightly shorter at 25% fill in non-segregating mixing cases, particles stay 

much longer in 80 mm scale mixing space in the cohesive cases, especially when the lower 

fill level is used. It is worth to note that the axial velocity measured in 120 mm scale is 

around 1.5 fold of that in the 80 mm scale due to the scale ratio of mixing space.  
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Figure 7.10 Residence time distribution of all mixing cases.  

(a) Non-segregating cases, 25% fill. (b) Non-segregating cases at 50% fill. (c) Cohesive 

segregating cases, 25% fill. (d) Cohesive segregating cases, 50% fill. rev: revolution. 

 
7.4.3 Flow rate evaluation 

For similar mixing geometries with scale ratio k and constant Fourde number the flow rates 

can be estimated as follows: 

2 1 2 1, r kr l kl= =          7-21 

0.5
2 1kω ω−=           7-22 

Since the mean residence time distribution measured by revolution (ωl/vx) is kept the same 

in the process of scaling up, it follows that: 

0.5
2 1x xv k v=           7-23 

The scaling relationship of flow rate can then be derived using the formula 2
xF v rπ=  and 

be expressed as follows: 
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2.5
2 1F k F=           7-24 

Therefore, when a four-fold scaling up is applied on the mixing apparatus, the flow rate of 

the larger continuous mixer is 32 fold of the original lab scale apparatus, which indicates a 

tremendous increase in production rate for the continuous powder mixing system. This 

shows the merit of using the model for continuous powder mixing on the scaling up 

characteristics.  

Similar analysis can be performed on the batch mixing systems, where the production rate 

can be measured as 3
bF l k=  where l3 represent the batch volume and kb the mixing rate. 

Since similar mixing rates, measured by the reciprocal of revolution ( /bk ω ), are achieved, 

the scaling relationship of mixing rate is expressed as 

0.5
2 1b bk k k−=           7-25 

As a result, a scaling up expression of production rate the same as equation (7-24) is 

derived for the case of batch mixing, indicating the inherent coincidence of batch and 

continuous mixing processes.  

For the cohesive cases, equation (7-24) can be directly used for the scaling up of batch-like 

powder mixing process, due to the scaling relationship observed in Section 7.4.1. However, 

larger flow rate will be observed in the scaled-up continuous powder mixing process, due 

to a relatively fast axial velocity in that case. This effect should be considered in the design 

of scaling up strategy of cohesive mixing cases.  

7.5 Summary 

A new methodology based on the concept of variance spectrum has been developed for 

studying the scale-up of powder mixing in continuous processes. The Lomb-Scargle 
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Periodogram technique widely applied in astronomical studies has been used to estimate 

the variance spectrum of unevenly distributed samples in powder mixing processes. The 

periodic section modeling, proposed in our previous work (Gao et al., 2012), permits us to 

consider the batch-like cross-sectional mixing and axial motion separately for the scale-up 

of continuous powder mixing process. Such quantitative investigations are used to clarify 

the effect of constant sampling size on mixing performance, and the effect of scaling up on 

both cross-sectional and axial mixing within continuous mixing. For the non-segregating 

mixing cases, similar scale-up characteristics are observed for both cross-sectional and 

axial mixing in our simulation results. While a satisfying principle of similarity leads to 

similar decay contours of variance spectra, a sampling size much smaller than the scales of 

both apparatuses should be used to achieve similar mixing performance measurements. 

When non-segregating materials are processed, a 2.5 fold increase in production rate is 

obtainable for the scale-up of continuous powder mixing. However, in processes where 

cohesive materials segregate due to a tendency to agglomerate, an even larger increase of 

flow rate is expected. This results from the effect of cohesion on axial motion especially 

when the scale of the mixing process is small. Our preliminary simulation results illustrate 

that the proposed analysis can be used to achieve a successful scale-up strategy for 

continuous powder mixing processes.  
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Chapter 8   

Conclusions and future Perspectives 

8.1 Summary 

In this dissertation, a novel predictive model is proposed first to provide strategies and 

guidance on addressing design, scale-up, and improvement issues in continuous powder 

blending process. The two main components of continuous blending are considered 

separately. Fourier series is employed in clarifying the attenuation of feeding fluctuation in 

the axial blending component. Feeding variance spectrum and blender filtering ability are 

applied to describe the performance of the feeder blender integration, instead of the 

fluctuation variance and the residence time distribution commonly used in conventional 

investigations. An efficient estimation strategy is developed to improve the axial blending 

when the integrated system is not in its optimal performance. By coupling the continuous 

blending performance with the batch-like blending with a similar geometry, the periodic 

section modeling is developed to capture the transitional status in the cross-sectional 

blending component. The residence time distribution in the continuous blender is used to 

predict the continuous blending performance from blending process in the periodic section. 

For both segregating and non-segregating blending cases, designed simulations show 

accurate predictions by using this model, and indicate that the mean residence time and the 

batch-like blending rate in the periodic section are the key indices of the cross-sectional 

blending component.  

Due to recent development on powder feeding systems, variability on material flow was 

significantly reduced in pharmaceutical manufacturing. The cross-sectional blending 
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component is more significant affecting blending performance than the axial blending 

component and is focused in this dissertation. In order to apply the knowledge of batch 

blender in the design and improvement of continuous blender, performance similarity 

between continuous and similar batch systems is investigated. We use Discrete Element 

Method to investigate this issue. Mixing and flow of particles are examined in simple 

geometries consisting of a cylindrical cross-section agitated by impellers. End walls and 

symmetric blade pairs of the “alternate” blade patterns lead to faster mixing. 

Non-symmetric elemental systems display both increased fill level uniformity and similar 

mixing performance for both blade patterns. It demonstrates the need for caution when 

attempting to use batch mixing information to estimate the cross-sectional mixing rate of 

continuous powder mixers. 

The effects of operation and geometry are examined on two key indices of continuous 

blending: axial velocity and local mixing rate of the mixture. When the local mixing rate 

improves at low fill level and high blade speed, particles also move faster in the axial 

direction and reside for a shorter time inside the mixer. This trade-off between ascending 

local mixing rate and descending residence time indicates a non-optimal overall blending 

performance even when the best operating condition is applied. Strategies are performed to 

further improve the blending performance, which are proposed by increasing the blade 

speed while keeping a constant axial velocity. These strategies guarantee that the variance 

decay rate along mixing axis is proportional to the blade speed in continuous blending 

processes. Dramatic improvements are observed when these strategies are applied in both 

simulations and experiments, which shows the merit of this work on design and 

optimization of continuous powder blending process. 
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Based on the developed predictive model, a quantitative scaling up strategy is introduced 

that allows the transition from lab to industrial scale. The proposed methodology is based 

on the variance spectrum analysis, and the residence time distribution, which are key 

indexes in capturing scale-up of the batch-like mixing, and scale-up of the axial mixing and 

motion, respectively. The constant-sample effect especially influential in scaling-up the 

manufacturing of pharmaceutical tablet is clarified by applying the development LSP 

variance spectrum analysis, which facilitates more comprehensive study on scale-up of 

blending systems. 

8.2 Suggestion for future work 

In this thesis, we focus on the development of a theoretical basis to characterize continuous 

powder blending. The theory can be further expanded to the modeling of other solid or 

liquid continuous unit operations by coupling the residence time distribution and the local 

reaction or processing rate in these units. Batch units can be constructed and used to 

understand the influence of geometry and operations, and improve the performance of the 

corresponding continuous units. 

In addition to the non-segregation cases used in the model development in this work, 

segregating mixture should be examined where material properties such as cohesion, 

electrostatics, density, agglomeration influence the blending performance. Measurements 

should be taken not only on the residence time and variance decay rate, but also on the 

steady state variance of the mixture inside the blender at variance operation and geometry 

conditions. The understanding of powder properties can lead to useful guidance to further 

improve blender design and define optimal operation for the blending of practical 

pharmaceutical powders. 
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